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^ ■ Abstract 

' Let X be a smooth proper variety over a perfect field k of arbitrary 

(~| . characteristic. Let D be an effective divisor on X with multiplicity. We 

' introduce an Albanese variety Alb (A, D) of X of modulus Z) as a higher 

dimensional analogon of the generalized Jacobian of Rosenlicht-Serre 
with modulus for smooth proper curves. Basing on duality of 1-motives 
with unipotent part (which are introduced here) , we obtain explicit and 
' functorial descriptions of these generalized Albanese varieties and their 

dual functors. 

We define a relative Chow group of zero cycles CHo(A, D) of mod- 
ly^ . ulus D and show that Alb(A, D) can be viewed as a universal quotient 

(N; of CHo(A,iP)0. 

, As an application we can rephrase Lang's class field theory of func- 

' tion fields of varieties over finite fields in explicit terms. 
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Introduction 



The generalized Jacobian variety with modulus of a smooth proper curve X 
over a field is a well-established object in algebraic geometry and number 
theory and turned out to be of great benefit e.g. for the theory of algebraic 
groups, ramification theory and class field theory. In this work we extend this 
notion from [Ser3j V] to the situation of a higher dimensional smooth proper 
variety X over a perfect field k. The basic idea of this construction comes 
from [Ruj and is accomplished in |KR1) . both only for the case that k is of 
characteristic 0. Positive characteristic however requires distinct methods 
and turns out to be the difficult part of the story. 

To a rational map ip : X --■>■ G from X to a commutative algebraic 
group G we assign an effective divisor mod(/9, the modulus of (p. (Def. IS.lip . 
Our definition from |KR2| coincides with the classical definition in the curve 
case as in |Ser3| III, No. 1]. For an effective divisor D on X the general- 
ized Albanese variety Alb(X, D) of X of modulus D and the Albanese map 
alhx.D '■ X A\h{X,D) are defined by the following universal property: 
for every commutative algebraic group G and every rational map (p from 
X to G of modulus < D there exists a unique homomorphism of algebraic 
groups h : A\h{X, D) — > G such that ip = h o albx,D up to translation by 
a constant g € G{k). Every rational map to a commutative algebraic group 
admits a modulus, and the effective divisors on X form an inductive system. 
Then the projective limit ^imAlb(X, Z?) over all effective divisors D on X 
yields a pro-algebraic group that satisfies the universal mapping property for 
all rational maps from X to commutative algebraic groups. 

The Albanese variety with modulus arises as a special case of a broader 
notion of generalized Albanese varieties defined by a universal mapping prop- 
erty for categories of rational maps from X to commutative algebraic groups 
(Thm. 10. 2p . As the construction of these universal objects is based on dual- 
ity, a notion of duality for smooth connected commutative algebraic groups 
over a perfect field k of arbitrary characteristic is required. For this purpose 
we introduce so called 1-motives with unipotent part (Def. I1.22p . which gen- 
eralize Deligne 1-motives [Dell Definition (10.1.2)] and Laumon 1-motives 
|Lau[ Definition (5.1.1)]. In this context, we obtain explicit and functorial 
descriptions of these generalized Albanese varieties and their dual functors 
(Thm. EH. 

In a geometric way we define a relative Chow group of 0-cycles CHo(X, D) 
with respect to the modulus D (Def. I3.28p . Then we can realize Alh{X,D) 
as a universal quotient of CHo(X, D)^, the subgroup of CHo(X, D) of cycles 
of degree (Thm. 10. 3p . The relation of CHo(X, £)) to the K-theoretic idele 
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class groups from |KS| gives rise to some future study, but is bey ond the 
scope of this paper. Using these idele class groups, Onsiper On] proved 
the existence of generalized Albanese varieties for smooth proper surfaces in 
characteristic p > 0. 

Lang's class field theory of function fields of varieties over finite fields 
|Ser3| V] is written in terms of so called maximal maps, which appeared as 
a purely theoretical notion, apart from their existence very little seemed to 
be known about which. The Albanese map with modulus allows to replace 
these black boxes by concrete objects (Thm. 10. 4p . 

We present the main results by giving a summary of each section. 



0.1 Leitfaden 

Section [T] is devoted to the following generalization of 1-motives: A 
1 -motive with unipotent part (Definition ll.22p is roughly a homomorphism 
[T — 7> G] in the category of sheaves of abelian groups over an algebraically 
closed field k from a dual-algebraic commutative formal group T to an ex- 
tension G of an abelian variety A hy a commutative affine algebraic group 
L. Here a commutative formal group is called dual-algebraic if its Cartier- 
dual = Hom fJ-", Gm) is algebraic. 1-motives with unipotent part ad- 
mit duality (No. \T7L7} . The dual of [0 G] is given by [L"^ A^], where 
L"^ = Hom(L, Gm) is the Cartier-dual of L and = Pic^ = Ext(yl, Gm) 
is the dual abelian variety of A, and the homomorphism between them is 
the connecting homomorphism associated toO—^L—^G^A—^0. In 
particular, every smooth connected commutative algebraic group over k has 
a dual in this category. Moreover, these 1-motives may contain torsion. 

Section[2j In the framework of categories of rational maps from a smooth 
proper variety X over an algebraically closed field k to commutative alge- 
braic k-groups (Definition 12. 7p . we ask for the existence of universal objects 
(Definition 12. lip for such categories, i.e. objects having the universal map- 
ping property with respect to the category they belong to. A necessary and 
sufficient condition for the existence of such universal objects is given in The- 
orem I2.12| as well as their explicit construction, using duality of 1-motives 
with unipotent part. (This was done in |Ru| for the case char(/c) = 0.) 

In particular we show the following: Let Div y be the sheaf of relative 
Cartier divisors, i.e. the sheaf of abelian groups that assigns to any /c-algebra 
R the group Div y (i?) of all Cartier divisors on X generated locally on 
Speci? by effective divisors which are flat over R. Let Pic y be the Picard 
functor and Pic^'^'^'^ the Picard variety of X. Then let Div y'^^^ be the inverse 
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image of Pic^'^'^'^ under the class map cl : Div y — > Pic y. A rational map 
(/? : X G, where G is a smooth connected commutative algebraic group 
with affine part L, induces a natural transformation : L'^ — > Div ^'^"'^ 
(No. I2.2.ip . If is a formal subgroup of Div y'^'^'^, denote by Mrjr the 
category of rational maps for which the image of this induced transformation 
lies in T. 

Theorem 0.1. Let T be a dual- algebraic formal subgroup of Div y'^"'^. The 
category Mrj- admits a universal object albj- : X --^ Albj-(X). The alge- 
braic group Albjr(X) arises as an extension of the classical Albanese Alb(X) 
by the Cartier-dual of J-; it is dual to the 1-motive [j-" — > Pic^'^^'^], the ho- 
momorphism induced by the class map cl : Div y — > Pic y . 

Theorem 10. II results from the stronger Theorem I2.12| which says roughly 
that a category of rational maps admits a universal object if and only if it 
is of the shape Mrjr for some dual-algebraic formal subgroup of Div y'^'^'^. 

The generalized Albanese varieties Albj-(X) satisfy an obvious functori- 
ality property (No. 12.3.2]) . A Galois descent allows to carry over the results to 
perfect base fields which are not necessarily algebraically closed (No. I2.3.3p . 

Section [3] is the main part of this work, where we establish a higher di- 
mensional analogon to the generalized Jacobian with modulus of Rosenlicht- 
Serre. Let X be a smooth proper variety. We use the notion of modulus from 
jKR2| . which associates to a rational map ip : X --^y G an effective divisor 
mod((/?) on X (Definition 13. lip . If D is an effective divisor on X, we define a 
formal subgroup J='x,d = {^x,D)^t {J^x,D)ini °^ SlXx (cf- Definition [3J3j) 
by the conditions 

(-^x,D),t = e Div^(^) I Supp(5) C Supp(L>)} 
and if char(A;) = 

(-^x,D)i„f = exp (Ca ®fe r{X, Ox {D - Acd) 
if char(/c) = p > 

= Exp ( j;.W0w(fc) T(^x,ml_j,^^^Wriic 

\r>0 



X 




where -Drcd is the underlying reduced divisor of D, Exp denotes the Artin- 
Hasse exponential and fil^ W,. {ICx ) is a filtration of the Witt group (Definition 
Let J^x^^ ~ •^X,D ^Div_^ Div ^'^'^'^ be the intersection of Tx.D and 
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j^j^o^red rpj^g formal groups J-x,D and J^x^ dual-algebraic (Proposition 

EH. 

Then it holds mod((^) < D if and only if im(r^) C ^x'd (Lemma 
I3T71) . This yields (cf. Theorem EH]) 

Theorem 0.2. The category Mr'''"'^ of those rational maps ip : X --■>■ G s.t. 
mod(99) < D admits a universal object albx.D : ^ Alb(X, D), called the 
Albanese of X of modulus D. The algebraic group Alh{X,D) is dual to the 

i -T-O.red ^ T-,- O.red 

1 -motive J'x £, — > riCj^ 

The Albanese varieties with modulus Alb(X, D) are functorial (No. 13.2.2]) 
and descend to arbitrary perfect base field (No. I3.2.3p . 

In the case that X = C is a curve, our Albanese with modulus Alb(C, D) 
coincides with the generalized Jacobian with modulus J (C, D) of Rosenlicht- 
Serre (Theorem I3.26p . 

A relative Chow group CHo(X, D) of modulus D is introduced in Defi- 
nition [3]28l We say a rational map ip : X --^ G to a commutative algebraic 
group G factors through CHq^X, D)^ if the associated map on 0-cycles of 
degree (where U is the open set on which if is defined) Zq{U)^ — > G{k), 
^ liPi I — > ^ li <p{pi) factors through a homomorphism of abstract groups 
CHo(X,L»)0 — > G{k). We show (cf. Theorem [330]) 

Theorem 0.3. A rational map : X --^ G factors through CHo(X, Z))'^ if 
and only if it factors through Alb(X, D) modulo translation. In other words, 
Alb(X, Z?) is a universal quotient ofCHQ{X,D)^. 

The theory of Albanese varieties with modulus has an application to the 
class field theory of function fields of varieties over finite fields. Let X be a 
geometrically irreducible projective variety over a finite field k = ¥q. Let k 
be an algebraic closure of k. Let Kx denote the function field of X, let 
be the maximal abelian extension of Kx- From Lang's class field theory one 
obtains (cf. Theorem I3.36P 

Theorem 0.4. The geometric Galois group Gal (K^ /Kx ^) is isomorphic 
to the projective limit of the k-rational points of the Albanese varieties of X 
with modulus D 

Gal^Kf/Kxfc) = ]^ Alh{X,D){k) 

D 

where D ranges over all effective divisors on X rational over k. 



Acknowledgement. I owe many thanks to Kazuya Kato for his hospi- 
tality, help and support. His influence on this work is considerable. 
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1 1-Motives 



1.1 Algebraic Groups and Formal Groups 

In this subsection we recall some basics on group functors, algebraic groups 
and formal groups which are fundamental for 1-motives with unipotent part. 
References for algebraic groups are |DG] and |Wat] . for formal groups and 
Cartier duality are |SGA3| VIIb], |Dem| II] and |Fon| I]. A key-tool for our 
description of Cartier duality will be the functor R i — > L/j (No. ll.l.Uj) . which 
assigns to a A;-algebra R the Weil restriction L/j := II/j/^jGm,/? of Gm,R from 
R to k. 

1.1.1 Group Functors 

Let khe a ring (i.e. associative, commutative and with unit). Let Set be the 
category of sets. Let Ab be the category of abelian groups. Let Alg/k be 
the category of /c-algebras, and let Art/k be the category of finite A;-algebras 
(i.e. of finite length). Let C be an arbitrary category. 

A k-functor (with values in is by definition a covariant functor from 
Alg/k to The category of A:-functors is denoted by Fctr(Alg//^, C). The 
morphisms are given by natural transformations of functors. 

A formal k-functor (with values in £J is by definition a covariant func- 
tor from Art/k to C The category of formal /c-functors is denoted by 
Fctr(Art/A;,e:). 

The inclusion Art/k — > Alg/k induces the completion functor 
? : Fctr(AIg/A;, C) — Fctr(Art/A;, C). The completion F of a A;-functor 
F is given by F (R) = F {R) for R G Art/k. 

A (formal) fc-functor with values in Ab is called a (formal) k-group func- 
tor. The category of fc-group functors will be denoted by Ab / k (rather than 
Fctr(Alg/A;, Ab)). 

1.1.2 Base Extension and Weil Restriction 

Let S* be a fc-algebra. 

Base extension is the functor ?5 : Fctr(Alg/A;, C) — > Fctr(Alg/S', C), 
F I — > Fs defined by Fs (R) = F (fc-R) for any 5-algebra R, where ^i? is 
the underlying /c-algebra. Fs is sometimes also denoted by F S. 

Weil restriction is the functor Us/k ■ Fctr(Alg/S', <t) — > Fctr(Alg/A;, C), 
G^G{?^k S). 

Weil restriction is the right adjoint functor to base extension, i.e. for 
F G Fctr(Alg/A;, e:) and G G Fctr(Alg/5, GT) it holds ilomM/s{Fs,G) = 
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Hom^6/fc (F, G (? ® S) ) (see |DGl I, § 1, 6.6]). 



A /;-functor F with values in Set is said to be represented by a k-scheme 
if there is a scheme X over k and functorial (in R G Alg/A;) isomorphisms 
F{R) ^ Morfc(Speci?,X). 

Proposition 1.1. Let S be a k-algebra which is a finite projective k-module. 
Let G be an S -functor with values in Set. If G is represented by an affine 
S-scheme X, then its Weil restriction G {? S) is represented by an affine 
k-scheme Hg^f^X . Moreover, if X is separated and of finite type over S, then 
Hg/l^X is separated and of finite type over k. 

Proof. [DGl I, § 1, 6.6] or pLRl 7.6, Thm. 4 and its proof]. ■ 
1.1.3 Algebraic Groups 

From now on, k is assumed to be a field, and k an algebraic closure of k. 

A k-group (or k-group scheme) is by definition a ^-group functor with 
values in Ab (we only consider commutative group schemes) whose under- 
lying set-valued /c-functor is represented by a /c-scheme. The category of 
A;-groups is denoted by G/k, the category of affine A;-groups by Qa/k. 

An algebraic k-group is a fc-group whose underlying scheme is separated 
and of finite type over k. The category of algebraic A;-groups is denoted by 
aQ/k, the category of affine algebraic fc-groups by aQa/k. If there is no 
confusion about the base field k, we write just algebraic group. 

Theorem 1.2. The categories Qa/k of affine k-groups, aQ/k of algebraic 
k-groups and aQa/k of affine algebraic k-groups are abelian. 

Proof. See [Di^Tl II, No. 6, p. 30] for Qa/k, jSCxA3[ VIa, 5.4, p. 315] 
for aQ/k. The statement for aQa/k follows from this, since aQa/k is the 
intersection of Qa/k and aQ/k in Q/k. ■ 

A A;-group L is called multiplicative if it is affine and if over an algebraic 
closure A; of A; it holds that L^k k is the spectrum of the group-algebra A;[r] 
of some constant group F: L (^kk = Spec A; [F]. 

A A;-group L is called unipotent if it is affine and if for each non-trivial 
closed subgroup H oi L there exists a non-trivial homomorphism of A;-groups 

H > Ga,fc. 

Theorem 1.3. An affine k-group L is canonically an extension of a unipo- 
tent group U by a multiplicative group M . If the base field k is perfect, this 
extension splits canonically, i.e. there is a unique isomorphism L = Mxf^U. 
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Proof. |DGl IV, § 3, 1.1]. ■ 



A torus T of dimension d defined over k is by definition an algebraic k- 
group with the following property: there exists a finite field extension ki/k 
such that T (8)^ ki splits into a direct product of copies of Gm- 

An afHne algebraic A;-group L is unipotent if and only if there exists a 
faithful representation of -L as a group of unipotent matrices in some GL,.. 
Every unipotent algebraic group is isomorphic to a closed subgroup of the 
strict upper triangular group (see |Wat| 8.3 Thm. p. 64]). A smooth con- 
nected unipotent group U has the property: there exists a finite field exten- 
sion ki/k such that the underlying A;i-scheme of ?7 (8)fc is isomorphic to 
some affine scheme over ki (see |Ser3( VII, No. 6, Cor. of Prop. 7]). 

Theorem 1.4. A smooth connected affine algebraic k-group L is canonically 
an extension of a smooth connected unipotent algebraic k-group U by a k- 
torus T. If the base field k is perfect, this extension splits canonically, i.e. 
there is a unique isomorphism L = T x^U. 

Proof. |SGA3[ XVII, 7.2.1]. ■ 

Theorem 1.5 (Chevalley). A smooth connected algebraic k-group G admits 
a canonical decomposition — > L — t- G — > A — > 0, where L is a 
connected affine algebraic k-group and A is an abelian k-variety. If the base 
field k is perfect, L is smooth. 

Proof. |Bi?l Thm. 3.2, p. 97] or No. 5, Thm. 16, p. 439] or [Ch^. 

m 

1.1.4 Formal Groups 

Let k he a field. 

A formal k -scheme is by definition a formal A;-functor with values in Set 
which is the limit of a directed inductive system of finite A;-schemes: 

A formal /c-functor is represented by a formal /c-scheme if there exists 
a directed projective system (Ai) of finite /c-rings and an isomorphism of 
functors = \iu^ Spec Ai . 

Definition 1.6. Let ^ be a profinite fc-algebra, i.e. a complete topological 
A;-algebra whose topology has a basis of neighbourhoods of zero consisting 
of ideals of finite codimension; this means A is the projective limit (as a 
topological ring) of discrete quotients which are finite A;-algebras. 
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The formal spectrum of A is by definition the formal /c-functor which as- 
signs to R £ Art/k the set of continuous homomorphisms of ^-algebras from 
the topological ring A to the discrete ring R: Spf ^ (R) = Hom^°"}g(^, R). 

Proposition 1.7. For a formal k -functor T the following conditions are 
equivalent: 

(i) T is represented by a formal k-scheme. 

(a) There is a profinite k-algehra A and an isomorphism T = Spf 
(Hi) T is left-exact, i.e. T commutes with finite projective limits. 

(See iDeSH I, No. 6] or |^ I, § 4].) 

A formal k- group is a formal ^- group functor with values in Ab (we are 
only interested in commutative formal groups) whose underlying set-valued 
formal fc-functor is represented by a formal scheme over k. The category of 
A;- formal groups is denoted hy Qf /k. If there is no confusion about the base 
field /c, we write just formal group. 

Remark 1.8. A formal A;-group F : Art/k — > Ab extends in a natural 
way to a fc-group functor J-" : Alg/k — > Ab, by defining J-^{R) for R G 
Alg/k as the inductive limit of the J-{S), where S ranges over the finite 
A;-subalgebras of R. If = Spf A for some profinite fc-algebra A, then 
T{R) = Roml°ll^{A, R) for every R G Alg/k. 

Theorem 1.9. The category Qf /k of formal k-groups is ahelian. 

Proof. |S(^A3I VIIb, 2.4.2, p. 521]. ■ 

(This is equivalent to the fact that the category Qa/k is abelian, by 
Cartier-duality, see ll.l.Tl ) 

Theorem 1.10. A formal k-group IF is canonically an extension of an etale 
formal k-group IF^i by a connected infinitesimal) formal k-group (i.e. 
the formal spectrum of a local ring) Jinf- Here Tct{R) = -^(-Rred) o-f^d 
{R) = ker [f{R) -F(i?rcd) ) for R £ Art/k, i^^ed = i?/Nil(i?). // 
the base field k is perfect, there is a unique isomorphism T = J-inf Tf.t- 

Proof. [Demi I, No. 7, Prop, on p. 34] or |Fbiil I, 7.2, p. 46]. ■ 

1.1.5 Sheaves of Abelian Groups 

Let be a ring. Let C be an arbitrary category. 

An R-sheaf (with values in is a sheaf (of objects of €) on Alg/i? for 
the topology fppf. An i?-sheaf with values in Ab is called an R-group sheaf. 
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The category of i?-group sheaves is denoted by Ab/R. The category Ab/R 
is by definition a full subcategory of the category of i?-group functors Ah/R. 

Let A; be a field. The category of /c-groups Q/k and the category of formal 
A;-groups Gf /k are full subcategories of Ab/k. 

1.1.6 Linear Group associated to a Ring 

Let k he a field. 

Definition 1.11. Let Rhe a /c-algebra. The linear group associated to R is 
the /c-group sheaf L/j = Gm ( ? (8 -R) . 

If 5" is a finite A;-algebra, then is an affine algebraic /c-group, according 
to Proposition ll.il Thus the completion of the functor L? : Alg/k — > Ab/k 
is a formal fc-group functor with values in aQa/k (we omit the ^ here): 

L? : Art//c — > aQa/k. 

Suppose now that the base field k is perfect. Every finite ^-algebra S is 
of the form S = © Nil(S'), where S(,t = S'red = S'/Ni^S). Since Gm is 
left-exact and tensor-product over a field k is exact, the linear group functor 
L? is left-exact This yields a splitting 

L5=T5X,U5 

where = Gm (? ® S^^d) and U5 = ker ^Gm (? ® S) — > Gm (? ® S^^d) ) • 
One can show that T5 is a torus over k and IU5 is a smooth connected 
unipotent algebraic A;-group. 

Lemma 1.12. Let k be an algebraically closed field. Every affine algebraic 
k-group L is isomorphic to a closed subgroup of L5 for some S E Art/A;. 

Proof. Every affine algebraic fc-group L is isomorphic to a closed sub- 
group of GLr for some r G N (see |Wat| 3.4 Thm. p. 25]). Let p : L — > GL^ 
be a faithful representation. Define S to be the group algebra of p{L), i.e 
the A;-subalgebra of the algebra of (r x r)-matrices Matrxr(^) generated by 
p{L){k). In particular, S is finite dimensional. Here we may assume that 
L is reduced, hence determined by its A;-valued points: otherwise embed the 
multiplicative part into (Gm)* for some t € N (see |DG| IV, § 1, 1.5]) and 
the unipotent part into (W^)"" for some r, n S N (see |DG| V, § 1, 2.5]), and 
replace L by (Gm)* x^ (W^)". Then p{L){k) is contained in the unit group 
of S*, and p : L — > Gm (? (8) 5") = L5 is a monomorphism from L to L5. ■ 

^ Accepting the Full Embedding Theorem [Frel Chp. 7, Thm. 7.14] one can rephrase 
this by saying "L? is a formal group with values in aQa/k". 
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1.1.7 Cartier Duality 

Let k he a perfect field. We will use the functorial description of Cartier- 
duality as in |Dem| II, No. 4]. We may consider formal groups as objects of 
Ab/k, cf. Remark 11.81 Let G be a k-g roup slieaf. Let Hom^ ^^ G-j^) be 
the A;-group sheaf defined by R i — > Hom_4f,//j(G/j, Gm.ij) , which assigns to 
a A:-algebra R the group of homomorphisms of i?-group sheaves from Gr to 

Theorem 1.13. If G is an affine group (resp. formal group), the k-group 
sheaf Hom ^h /f. (G, Gm) is represented by a formal group (resp. affine group) 
G^ , which is called the Cartier dual ofG. 

Cartier duality is an anti- equivalence between the category of affine groups 
Qa/k and the category of formal groups Qf /k. The functors L i — > and 
T I — > T"^ are quasi-inverse to each other. 

Proof. See jPiSIl II, No. 4, Thm. p. 27] or jEil I, 5.4, p. 37] or |S(;tA3l 
VIIb, 2.2.2]. ■ 

Lemma 1.14. Let L be an affine group and R a k-algebra. The R-valued 
points of the Cartier-dual of L are given by 

L'iR) = Hom^b/fc(L,LR). 

Proof. The statement is due to the fact that Weil restriction is right- 
adjoint to base extension: 

L^{R) = Hom_4fe/K {Lr, Gm,R) = HouiM/k {L, Gm,i? (? «) i?) ) . ■ 
Cartier-Dual of a Multiplicative Group 

Proposition 1.15. Let L be an affine k-group. Then L is multiplicative if 
and only if the Cartier-dual is an etale formal k-group. 

Proof. [DiSH II, No. 8]. ■ 

In particular, the Cartier-dual of a split torus T = (Gm)* is a lattice of 
the same rank: = Z*, i.e. a torsion-free etale formal group. 

Proposition 1.16. Let£ be an etale formal k-group. Then the multiplicative 
k-group £y is algebraic if and only if £{k) is of finite type. 

Proof. [DGl IV, § 1, 1.2]. ■ 
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Cartier-Dual of a Unipotent Group 

Proposition 1.17. Let L be an affine k-group. Then L is unipotent if and 
only if the Cartier-dual is an infinitesimal formal k-group. 

Proof. [D^ II, No. 9]. ■ 

Proposition 1.18. Suppose char{k) = p > 0. Let L be an affine k-group. 
The following conditions are equivalent: 
(i) L is unipotent algebraic. 

(a) There is a monomorphism L ^ (W^)" for some r, n G N. 
(Hi) There is an epimorphism (j-W)" — » for some r, n € N. 
Here W denotes the k-group of Witt-vectors, Wn the k-group of Witt-vectors 
of finite length r; W is the subfunctor o/W that associates to R £ Alg/k the 
set of (wo,wi, . . .) S W(i?) such that Wy G Nil(i2) for all u £^ and Wy = 
for almost all G N, finally = ker (F'' : W — > W^f")) is the kernel of 
the r^^ -power of the Frobenius F. 

Proof, (i)^(ii) [DG, V, § 1, 2.5]. 

(ii)^=^(i) The underlying A;-scheme of is the affine space A^, thus 
Wr is algebraic. = Wq C Wi C W2 C . . . C is a filtration of 
with quotients W,y/W!/_i = Wi = Ga, hence W,. is unipotent, according to 
|DG| IV, § 2, 2.5]. Products of unipotent groups and closed subgroups of a 
unipotent group are unipotent by [DG. IV, § 2, 2.3]. Since L is isomorphic 
to a closed subgroup of (Wr-)", it is unipotent and algebraic. 

(ii)<;=>(iii) This is due to Cartier-duality, the Cartier-dual of W„ is iso- 
morphic to „W, see |DG| V, § 4, 4.5]. ■ 

1.1.8 Dual Abelian Variety 

Let k be an algebraically closed field. Let A be an abelian variety over k. The 
dual of A is given by A"^ = Pic^ A. According to the generalized Barsotti- 
Weil formula (see jOort| III. 18]), the dual abelian variety represents the 
fc-group sheaf Ext 4 ^ /^(A, Gm), associated to R 1 — > Ext^j/^ (^4^^, Gm.ij) • 

Let be a finite fc-algebra. Ext_46/5 (^s,Gni,5) may be identified with 
the set of primitive elements in (^5, Gni(CAs)) by |Oort| III. 17.6], and 
Ext_46/fc(A, L5) is the set of primitive elements in (^A, 1^3(0 a)) by jSer3| 
VII, No. 15, Thm. 5]. The elements of (A^, Gni(Cyis)) are isomorphism 
classes of Gm- bundles over A S, while elements of (^A,hs{OA)) are 
isomorphism classes of L^-bundles over A. Each open cover oi A ® S can 
be refined to a cover {[/„ ^ S}a induced by an open cover {Ua}a of A. 
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Both types of principal fiber bundles are determined by a family of tran- 
sition functions {Tq,^}^^ with T^/j G Gm(CA(^^a/3) ®k S) = hs{OA{Ua(3)) , 
where Ua^ = Ua(^U^. Thus there is a canonical identification of the groups 
(^As,Gra{OAs)) and (^A,hs{OA)) , which obviously preserves primitive 
elements. We obtain 

Proposition 1.19. Let A be an ahelian k-variety and S a finite k-algebra. 
There is a canonical identification 

^S/k '■ Ext_4ft/5 {As,Gm,s) — > Ext_4;,/fc Lg) 
induced by Weil restriction of the fibres. 

Thus the S-valued points of the dual abelian variety are given by 

A'iS) = Ext^f,/fc(^,IL5). 

1.2 1-Motives with Unipotent Part 

Let k be an algebraically closed field. 

1.2.1 Definition of a 1-Motive with Unipotent Part 

Definition 1.20. A formal A;-group J- is called dual- algebraic if its Cartier- 
dual J^^ is algebraic. The category of dual-algebraic formal fc-groups is 
denoted by dQf /k. 

Proposition 1.21. A formal k-group T is dual- algebraic if and only if the 
following conditions are satisfied: 

(1) J^{k) is of finite type, 

(2) /or char(fc) = 0.' Lie (J-") is finite dimensional, 

for char(fc) > 0.' J-inf is a quotient of (r-W)" for some r, n G N 
(see Proposition \l. for the definition o/,.Wj. 

Proof. The splitting J-"^ = J-"^ x J^^j gives the decomposition of the 
affine group J^^ into multiplicative part and unipotent part, according to 
Proposit ions 1 1 . 1 5] and [LTTl Then that statement follows directly from Propo- 
sitions [TTTni and [TTTE] for char(A;) > 0. For char(/c) = 0, the assertion in (2) 
is due to the fact that the Lie functor yields an equivalence between the 
category of commutative infinitesimal formal A:-groups and the category of 
fe- vector spaces, see |SGA3| VIIb, 3.2.2]. ■ 
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Definition 1.22. A 1-motive with unipotent part is a tuple 
M = {T,L,A,G,fi), where 

(a) J-" is a dual-algebraic formal group (Definition ll.20p . 

(b) L is an affine algebraic group, 

(c) A is an abelian variety, 

(d) G is an extension of A by L, 

(e) ^ : T — > G is a homomorphism in Ah/k. 

A homomorphism between 1-motives with unipotent part M = {J^, L, A, G, fi) 
and N = (£, A, B, H, v) is a tuple h = {ip, A, a, 7) of homomorphisms : f — )• 
J^, X : L A,a : A ^ B,^ : G H, compatible with the structures of M 
and as 1-motives with unipotent part, i.e. giving an obvious commutative 
diagram. 

For convenience, we will refer to a 1-motive with unipotent part only as 
a 1-motive. 

If G is a smooth connected algebraic group, it admits a canonical decom- 
position 0— >-L^G— >Oasan extension of an abelian variety A by 
a connected affine algebraic group L, according to Theorem 11.51 of Cheval- 
ley. Thus a homomorphism /j, : T — > G in Ah/k gives rise to a 1-motive 



M = {F, L, A, G, fi) that we will denote just by M 



1.2.2 Duality of 1-Motives 



Let L be an affine algebraic group and A an abelian variety. The Cartier-dual 
of L is given by = Hom_45/^(L, L?) (Lemma II. 14p . the completion of the 

dual abelian variety of A by the formal A;-group functor A^ = Ext^j {A, L ?) 
(Proposition 11.19]) . Since A^ is a formal group, there exists an affine group 
£ such that A^ = Hom^j,y^(£, Gm) = Hom_4ft/jt(£,L7). Then the formal 
k-group functors resp. A^ extend to functors from affine groups Qa/k 
to abelian groups Ab, defined by L'^iA) = Hom_4f,/j.(L, A) resp. A^{A) = 
Hom^i,/^(£, A) for A € Qa/k. Using the Yoneda Lemma, one can show 
that any transformation G Hom_4f,/j. (L^,A^) becomes a homomorphism 
in the category Fctr{Qa/k, Ab). As natural transformations commute with 
functor iality maps, we obtain in particular 

Lemma 1.23. A homomorphism {) G Hom_4^/j, (L^, A^) commutes with 
homomorphisms in Qa/k as follows: 

(/U* v) = ix^'d {v) 
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for V € V{S) = Hom_45/fc(L,Ls) and ^ € L^(i?) = Rom.M/k(^S,^R), 
where S,R G Art/k. (Here^{i') G Ext^f,/fc(^, ^5), G Ext^6/fc(^, Lr) 

and jjL^-d{v) is the push-out of 'Q[u) via jjL.) 

Theorem 1.24. Let L he an affine algebraic group and A an abelian variety. 
There is a canonical isomorphism of abelian groups 

$ : Ext^b/fc {A,L) RouiM/k {L'',A''). 

Proof. In a first step, we will show the statement for L = L5, where S G 
Art/A;. In a second step, we will derive the result for arbitrary L G aQa/k 
by choosing an embedding L C L5 and diagram chasing. 

Step 1: Assume L = L5 for some S G Pixt/k. 
Construct a map <I> : Ext^j,/^ (^1^) — ^ Hom^j/^ (L'^,y4'^) as follows: Let 
G be an extension of A by L. According to Lemma 11.141 the i?-valued 
points of are L^(i?) = Hom^^/^ (L,Ljj), i.e. A G [R) gives rise to a 
homomorphism L — > L/j. Then the image of A under ^{G) is the push-out 
A,G G Ext^b/fc = A'^iR), cf. Lemma 1491 

^G ^A ^0 













^ \ifG 


^A 



Conversely, a map ^ : Hom_4{,/j, (L"^, A^) — > Ext_4ft/fc {A^L) is obtained as 
follows: Given a homomorphism {} : — > A^, then define ^'(^9) to be the 
image of id^ G Hom_4f,/;,(L, L) = [S) in Ext^i,/^.(74, L) = under 
'&{S). By construction, <I> and ^ are inverse to each other, cf. Lemma 11.231 
Moreover, one checks that <I> and \I' are homomorphisms of abelian groups. 

Step 2: Let L be an arbitrary affine algebraic group. 
By Lemma 11.121 there is a finite /c-algebra S and a monomorphism of affine 
groups i : L — > L5. Since aQa/k is an abelian category, the quotient 
I^s/L is again an affine algebraic group. By Cartier duality, we have exact 
sequences 

L -^hs -^hs/L and ^ ^ (L^)"/ ^ (Ls/L)^ ^ 0. 
The functor Hom_4ft/;.(?, yl^) is left-exact and Ext^f,/^;(^, ?) is left-exact on 
Qa/k, since Hom_45/^(^, L) = for any affine group L. The homomorphism 
$ : Ext_4fe/^ (A, L) — > Hom_4f,/fc (L^, ^4^) from Step 1 is defined for arbitrary 
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L € aQa/k. We obtain a commutative diagram 



•Ext(A,L) 



■Ext(A,L5) 



Ext(^,L5/L) 



0- 



■Hom(LV,.4V^ 



Horn ((Ls)'^,^'" 



.Hom((Ls/L)^^^). 



Here Hom^6/fc(i^, ^^)o<i)j;^ = Extyi6/^(^, t) is injective, hence ^>_l is injective. 
The same procedure for L5/L instead of L yields the injectivity of ^Ls/l- 
Now a refined version of the Five Lemma (see |KwS| Lemma 8.3.13 (ii)]), 
which is actually a Four Lemma, implies that is surjective. Thus <I>l is 
an isomorphism. ■ 

Remark 1.25. The isomorphism $ in Theorem II . 241 sends G € Ext(A, L) to 
the coimecting homomorphism Hom ^j, /i.(L. Gm) — > ^i^M/ki-^i '^m) in the 
long exact cohomology sequence obtained from applying Honi_4j,yj.(?, Gm) to 
the short exact sequence 0— t-L— t-G^^— t-O. 

Definition 1.26. Let A be an abelian variety, L an affine algebraic group 
and G € Ext_4fe/^(^, L). The dual of the 1-motive [O G] := (O, L, A, G, O) 



is by definition the 1-motive 



A^ 



:= {L\0,A\A\^G)). 
-algebraic formal group and fi € 



Let A be an abelian variety, T a dua 
Hom^j/fc(J^, ^). Then the dual of the 1-motive T A := (^J^,0, A, A, fij 

is by definition the 1-motive [O — > ^"^(/^)] := ,A'^ ,^-^{fi),0). 

(Here $ is the isomorphism from Theorem 11.241 ) 

Notation 1.27. We denote the dual of a 1-motive M by M^. 

Remark 1.28. It is clear from construction that the double dual M^^ of a 
pure 1-motive M is canonically isomorphic to M. 

Remark 1.29. Duality of pure 1-motives with unipotent part extends to 
arbitrary 1-motives with unipotent part as follows: The dual of a 1-motive 
M = {J',L,A,G,fi) is the 1-motive = (L^, J"^, A^, G", /i^), where 



G 

Horn 



Ext, 



■Ab/k 



C{Ab/k) \ 
{L, Gm) 



-7- ^],Gni) and fi^ is the connecting homomorphism 
Ext^ (_4{, /t.-| ([J^ ^ A], Gm) in the long exact cohomol- 
ogy sequence associated to — > [0 — )• L] — > [T — > G] — [T — )• A] — > 0. 
Here C{Ab/k) is the category of complexes of sheaves of abelian groups, and 
in [J^ — >■ A], T is placed in degree —1 and A in degree 0. (In this note we 
will only use duality of 1-motives of pure type as in Definition 11.261 ) 
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Proposition 1.30. Duality of 1-motives is functorial, i.e. duality assigns 
to a homomorphism of 1-motives h : M — > N a dual homomorphism hy : 
N"^ — > M^. 

Proof. Functoriality comes from the fact that duahty of 1-motives is 
derived from the functor Hom ^^_^{, /t.-|(?, Gm), cf. Remark 11.251 ■ 

2 Universal Rational Maps 

Let X be a variety over a field k. The classical Albanese variety Alb(X) of X 
(as in [Lang II, § 3]) is an abelian variety, defined together with the Albanese 



map alb : X Alb(X) by the following universal mapping property: for 
every rational map ip : X A to an abelian variety A there is a unique 
homomorphism h : Alb(X) — > A such that ip = /loalb up to translation by a 
constant a G A(k). Now we replace in this definition the category of abelian 
varieties by a subcategory £ of the category of commutative algebraic groups. 
A result of Serre [Serll No. 6, Theoreme 8, p. 10-14] says that if the category 
ft contains the additive group Ga and X is a variety of dimension > 0, there 
does not exist an Albanese variety in C that is universal for all rational maps 
from X to algebraic groups in <t. One is therefore led to restrict the class 
of considered rational maps. This motivates the concept of categories of 
rational maps from X to commutative algebraic groups (Definition 12. 7p . and 
to ask for the existence of universal objects for such categories. 

For k an algebraically closed field with char(A:) = 0, in |Ru| Section 2] a 
criterion is given, for which categories Mr of rational maps from a smooth 
proper variety X over k to algebraic groups there exists a universal object 
AlbMr(-^)) as well as an explicit construction of these universal objects via 
duality of 1-motives. Similar results are true for perfect base field of arbitrary 
characteristic as well, as we will see in this section. 

2.1 Relative Cartier Divisors 

The construction of such universal objects as above involves the functor 
Div y : Alg/A; — > Ab of families of Cartier divisors, given by 

Cartier divisors V on X SpecR 
Div y (.R) = < whose fibres Vp define Cartier divisors on X Xk {p} 

for all p £ Spec-R 

for each /c-algebra R, and for a homomorphism h : R — > S in Alg/k the 
induced homomorphism Div y (/t) : Div y (i?) — > Div y(5) in Ab is the pull- 
back of Cartier divisors on X Xj^ Speci? to those on X x^ Spec 5. The 
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elements of Div yfi?) are called relative Cartier divisors. See |Ru| No. 2.1] 
for more details on Div y. 

We will be mainly concerned with the completion Div y : Art//c — > Ab 
of Div Y , which is given for every finite fc-algebra R by 

Di^(i?) = T{X ® R, {ICx ^fc RT I {Ox RT ) ■ 

We will regard Div y as a subsheaf of Div y , cf . Remark 11.81 

Proposition 2.1. Div y is a formal k- group. 

Proof. According to Proposition 11.71 it suffices to show that Div y is 
left-exact. We are going to show that Div y is the composition of left-exact 
functors. 

Let Rhe a finite /c-algebra. Div y (R) = r(X, QiR)) is the abelian group 
of global sections of the sheaf Q{R) := (pr_y)^ ( {ICx R)* / {Ox ®R)*), 
where pr^^^ : X R — > X is the projection. The global section functor 
T(X, ?) is known to be left-exact. We show that the formal A;-group functor 
Q : Art/k — > Ah/X (with values in the category of sheaves of abelian 
groups over X) commutes with finite projective limits (hence is left-exact): 

Let [Ri) be a projective system of local finite A:-algebras, with homomor- 
phisms hij : Rj — > Ri for i < j. We have projections pr^ : l^m Rj — > 
Rj for each j, which commute with the hij. Functoriality of Q in € 
Art/A; induces homomorphisms Q{hij) : Q{Rj) — > Q{Ri) and Q(prj) : 
Q(limi?j) — > Q{Rj), which commute. The universal property of lim Q{Ri) 
yields a unique homomorphism of sheaves Q( l^m Rj) — > l^m Q{Ri). A 
homomorphism of sheaves is an isomorphism if and only if it is an iso- 
morphism on stalks. Therefore it remains to show that the stalks Qq : 
Art/A; — > Ab for q ^ X are left-exact in ii € Art/. We have Qq = 
Gm(^x,ij<S)fc?)/ 'Gin(C'x,g®fc?)- The tensor product over a field A^k'. : Art/k 
— > Alg/k is exact for any A:- algebra A. Also the sheaf Gm : Alg/k — 
Ab is left-exact. Therefore the formal A:-group functors Gm{K^X,q®k'^) and 
Gm(Cx,(?'X'fc?) are formal A;-groups. Since the category Gf/k of formal k- 
groups is abelian, the quotient Qq of these two formal A;-groups is again a 
formal A;-group. ■ 

Definition 2.2. Let i? be a finite A:-algebra. If Z? G ( Div y)^^(.R), then 
Supp(D) denotes the locus of zeroes and poles of local sections {fa)a of 
{ICx ^ RredT representing D eT{ {fCx Rred)* / {Ox Rred)*)- 
If 5 G ( Div y).^^j(i?), then Supp(5) denotes the locus of poles of local sections 
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oiUdlCx) representing ,5 € r( U,j(/Cx)/ Ujj(Ox)) = {'Divx),jR). 
(The functor U/j, is defined in 11.1.61 ) 

Definition 2.3. Let J-" be a formal subgroup of Div y. The support of T is 
defined to be 

Supp(7-) = U Supp(P) 

Re Art /k 

where we use the decomposition T = T^i x J^i^f and Definition 12.21 

Suppose now that X is a geometrically irreducible smooth proper variety 
over a perfect field k. Then the Picard functor Pic y is represented by a 
separated algebraic space Picx, whose identity component Pic^ is a proper 
scheme over k (see jBLRj No. 8.4, Thm. 3]). The underlying reduced scheme 
Pic^'^"'^ of Pic^ is an abelian variety, called the Picard variety of X. The 
subfunctor of Pic y that is represented by Pic^'^"'^ will be denoted by Pic ^'^'^'^. 

There is a natural transformation 



cl : Div y — > Pic y . 
We define Div^^'^*^ to be the subfunctor of Div y given by 

D- O.red T-.. ^, T-,. O.red 

^V^ = DlXx XPiC;^ Pic^ . 



2.2 Categories of Rational Maps to Algebraic Groups 

Let X be a smooth proper variety over an algebraically closed field k of 
arbitrary characteristic. All considered algebraic groups and formal groups 
are commutative by definition (No.s [LL3] and ri.l.4p . 



2.2.1 Induced Transformation 

Let G be a smooth connected algebraic group, and letO— )-L— 7>G^j4— )-0 
be the canonical decomposition of G, where A is an abelian variety and L an 
affine smooth connected algebraic group (Theorem II. 5p . Write L = T Xi^ U 
where T is a torus and U is unipotent (Theorem [L4])- Since k is algebraically 
closed, T = (Gm)* for some t G N. If A; is of characteristic 0, one has 
U ^ (Ga)' for some s G N (pG] IV, § 2, 4.2]). If k is of characteristic p > 0, 
the unipotent group U is embedded into a finite direct sum (W,-)^ of Witt 
vector groups for some r, s G N ( (DG| V, § 1, 2.5]). 
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Since Hjppj ( Spec(C'x,<?), Gm) = and Hjppf ( Spec(C'x,g), U) = for any 
point q of X, we have exact sequences 

^ L {ICx,g) G {ICx,g) A {}Cx,g) ^ 

L {Ox,g) G {Ox,q) A {Ox,q) 0. 
Since a rational map to an abelian variety is defined at every smooth point 



(see I Lang II, § 1, Thm. 2]), we have A {K,x,q) = A {Ox,q) for every point q 



of X. Hence the canonical map 

L {Kx,c) /L {Ox,q) G (JCx,,) /G {Ox,c) 
is bijective. By Cartier-duality, we have a pairing 

{?,?) ■.L'' xT{L{}Cx)/L{Ox)) ^r(G„,(/Cx^_)/G,n(Ox®_)). 

Definition 2.4. Let 99 : X --^ G be a rational map to a smooth connected 
algebraic group G, let L be the affine part of G. Then : — t- Div y 
denotes the induced transformation given by (?, ^i^), where i^p is the image of 
€G{JCx) in T{G{ICx)/G{Ox)) ^ T{L{ICx)/L{Ox)) ■ By construction, 
Tip is a homomorphism of formal fc-group functors. 

Lemma 2.5. Let G be a smooth connected algebraic group, let L be the affine 
part of G. Let ip : X G be a rational map. Let : — > Div y be the 
induced transformation. Then im(r^) is a dual- algebraic formal group. 

Proof. Div Y is a formal group by Proposition 12. H and Qf /k is a full 
subcategory of Fctr(Art/A;, Ab). Therefore : — > Div y is a homo- 
morphism of formal groups. Since Gf /k is an abelian category, kernel and 
image of the homomorphism Tip are formal groups. Since L is algebraic, 
is dual-algebraic and hence im(r(^), as a quotient of L^, is dual-algebraic. ■ 



Lemma 2.6. Let G € Ext(yl,L) be a smooth connected algebraic group. 
Let if : X G a rational map. Let Tip : — > Div y be the induced 



transformation. Then im(r^) is contained in the completion of Div ?''^'''^ 



Proof. As A is an abelian variety, the composition X G — t- A 
extends to a morphism Tp : X — > A. The description of the induced trans- 
formation Tip, in terms of local sections into principal fibre bundles as given 
in |Ru| No. 2.2] shows: the composition 

L > DlV y — > ric y 
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is given by A i — > X^^Gx, where is the push-out of G € Ext_45/^.(^, L) 
via A € {R) = Hom^6/^.(L, Lr), and Gx = G x^^ X is the fibre-product 
of G and X over A. Hence it comes down to show that for each R E Art/fc, 
each A € L'^ {R) the Ljj- bundle A*Gx yields an element of PicJ^"^" {R). 

The universal mapping property of the classical Albanese Alb(X) yields 
that Tp factors through Alb(X). Hence the pull-back Gx = G Xy^ X over X 
is a pull-back of ^Aib = G x^ Alb(X) over Alb(X). 




Alb(X) 



Then for each A E {R) the L^-bundle A^,GAib over Alb(X) is an el- 
ement of Ext_46/^(Alb(X), Ljj), hence gives an element of ^''^c^x[\y(^x)^R) ■ 

Since Alb(X) = ( Pic^'^*''^ ) ^ is the dual abelian variety of Pic^'^'^*^, we have 
) 

-'Alb(X) 



an isomorphism Pic^ 



Pic 



0,red 



X 



P 



Px 

O.red/ 



P XAib(X) X. As 



KGx = KGx\h XAib(X) ^1 it holds A*Gx G Picj,^ {R)- ■ 

2.2.2 Definition of a Category of Rational Maps 

Definition 2.7. A category Mr of rational maps from X to algebraic groups 
is a category satisfying the following conditions: The objects of Mr are 
rational maps 93 : X --->■ G, where G is a smooth connected algebraic group. 
The morphisms of Mr between two objects ip : X G and ip : X --->■ H are 
given by the set of those affine homomorphisms (homomorphisms of algebraic 
groups composed with a translation) h : G — > H such that h o ip = ifj. 

Remark 2.8. Let ip : X --^y G and : X --"y H he two rational maps from 
X to algebraic groups. Then Definition 12 . 71 implies that for any category Mr 
of rational maps from X to algebraic groups containing (p and ijj as objects 
the set of morphisms HomMr(93, V') is the same. Therefore two categories 
Mr and Mr' of rational maps from X to algebraic groups are equivalent if 
every object of Mr is isomorphic to an object of Mr'. 

Definition 2.9. The category of rational maps from X to abelian varieties 
is denoted by Mav. 
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Definition 2.10. Let J-" be a dual-algebraic formal subgroup of Div y . Then 
Mrjr denotes the category of all those rational maps 99 : X G from X 
to algebraic groups for which the image of the induced transformation r<^ : 
— >■ Div Y (Definition 12. 4p lies in i.e. which induce a homomorphism 
of formal groups — > T ^ where L is the afHne part of G. 

Mr^ = {(/?: X G I imr,^ C T} 
2.3 Universal Objects 

Let X be a smooth proper variety over k (an algebraically closed field of 
arbitrary characteristic) . Algebraic groups are always assumed to be smooth 
and connected, unless stated otherwise. 

2.3.1 Existence and Construction 

Definition 2.11. Let Mr be a category of rational maps from X to algebraic 
groups. Then {u : X ---^ U) G Mr is called a universal object for Mr if it 
admits the universal mapping property in Mr: For all {ip : X ---^ G) (z Mr 
there is a unique affine homomorphism h : U — > G such that ip = hou. 

For the category Mav of morphisms from X to abelian varieties (Definition 
12. 9p there exists a universal object, the Albanese mapping to the Albanese 
variety, denoted by alb : X — > Alb(X). This is a classical result (see |Lang] , 
[Msa] . [SerT] ). The Albanese variety Alh{X) is an abelian variety, dual to 
the Picard variety Pic^'^'''^. 

In the following we consider categories Mr of rational maps from X to 
algebraic groups satisfying the following conditions: 
(<) 1) Mr contains the category Mav. 

(^ 2) If (99 : X G) € Mr and h : G — > H is an affine homomor- 
phism of smooth connected algebraic groups, then /i o 99 G Mr. 

Theorem 2.12. Let Mr be a category of rational maps from X to alge- 
braic groups satisfying {(} 1,2). Then for Mr there exists a universal object 
{u : X U) € Mr if and only if there is a dual- algebraic formal subgroup 
T of Div ^"^" such that Mr is equivalent to Mrjr (where Mrjr is the category 
of rational maps which induce a homomorphism of formal groups to T , see 
Definition \2.10\) . 

Proof. {■^=) Assume that Mr is equivalent to Mrj-, where is a dual- 
algebraic formal group in Div ^'^'^^. The first step is the construction of an 



23 



algebraic group lA and a rational map u : X --"^ lA. In a second step the 
universality oi u : X lA for Mrjr will be shown. 

Step 1: Construction of u : X ---^ U. 
X is a smooth proper variety over k, thus the functor Pic ^ is represented 
by an algebraic group Pic^ whose underlying reduced scheme Pic^'^'^'^, the 
Picard variety of X, is an abelian variety. The class map Div y — > Pic y 
induces a homomorphism T — > Pic^'^'^'^. 

We obtain a 1-motive M = [j-" — > Pic^'^*^'^ ] . Since Pic^'^'''^ is an abelian 
variety, the dual 1-motive of M is of the form = [0 ^ G], where G is 
a smooth connected algebraic group. Then define U to be this algebraic 
group. The canonical decomposition O^C^U^A^Ois the extension 
of ^ = Alb(X) = (Pic^'^"'^) hy C = J-^ induced by the homomorphism 

T — > Pic^''^'^ (Theorem [EMI). 

By Lemma 11.121 there exists a finite /c-algebra S and an injective ho- 
momorphism of affine algebraic groups A : C — > L5. Assume first that 
£ = Lg. The homomorphism T — > Pic^'^°'^ on S-valued points L^(S') — > 
yl^(S') has values in Ext_4j/^(>1, L^), according to Proposition 11.19] The 
proof of Theorem 11.241 shows that U E Ext_4f,/fc(^, L5) is the image of 
L := idiLg € Hom_4j/^(L5, L5) = L^(S'). The case C C is achieved 
by a descent argument. The composition of the pull-back : — > Cy 
with cy = T — > Pic^'^'^'^ = jy yields a homomorphism : — > . 
As ^ factors through Cy ^ the image U = 4>{i) of l & ^^(•S') lies actually 
in Ext_4f,/j.(^, £), cf. Step 2 in the proof of Theorem 11.241 Define the ra- 
tional map u : X ---^ U hy the condition that the induced transformation 
Tu '■ T — > Div y'^"^ from Definition 12.41 is the inclusion. This yields € 
r(£(/Cx)/£(Ox)) = r{U{ICx)/U{Ox))- The rational map u G U{}Cx), as 
a lift of is determined up to a constant c G h{{k) = T{L{{Ox)) , according 
to the exact sequence 

T{uiOx)) r{uiJCx)) t{u{k:x)/u{Ox)). 

For illustration, we can make this concrete as follows: If D G Div ^'^'^^fS) is 
the divisor corresponding to A^(t) G J^{S) C Div ^'^'^^(5'), then Ox®s{T^) ^ 
Pic^'^''^(5) is the line bundle corresponding to U £ Ext_4f,/^(^, £) under 
E^tM/kiAC) Ext^,/,(^,L5) = Pic|^(5) ^ Pic^'"^'^(5). Then the 
rational map u : X --^ Ox^si'^) is the 1-section of Ox^s(J^)i up to trans- 
lation by a constant. 

Step 2: Universality of u : X --^^ U. 
Let (fi : X --■> G he a rational map to a smooth connected algebraic group G 
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with canonical decomposition 0— >L— J-CAjd— t-O, inducing a homomor- 
phism of formal groups : — > T C Div y'^"'^, A i — > (A,^(^) (Definition 
12. 4p . Let / := (t,^)^ : L — > L be the dual homomorphism of affine groups. 

The composition X G — > A extends to a morphism from X to an 
abelian variety. Translating by a constant g € G{k), if necessary, we may 
assume that po ip factors through A = Alb(X): 



X 




A 



Alb(X). 

We are going to show that we have a commutative diagram as follows: 



C — ■■L^=L 




where G_a = G xa A is the fibre product and l^U = U U/; L the amal- 
gamated sum. If I : V{C{lCx)IC{Ox)) — > T{L{1Cx)/L{Ox)) denotes the 
map induced hy I : C — > L, then l^ou = K^u)- This yields 

Thou = (?,4oO = (?J(4)> = (?0/,4) 
;V 

= TuO I = 

since r„ : J-" — > Div y'^"'^ is the inclusion by construction of u. 
This implies that l^,Ux and Gx are isomorphic L-bundles over X. Then 
lA and are isomorphic as extensions of A by L, using the isomorphism 
Pic^ — > Pic^. Thus Tfiou = shows that h o u and coincide up to 
translation. As u : X — > lA generates lA^ each h' : lA — > Gj[ fulfilling 
h' o u = (pj[ coincides with h. Hence h is unique. 

{==^) Assume that u : X --■>■ U is universal for Mr. Let ^ C ^ lA ^ 
^ — 7> be the canonical decomposition of lA, and let be the image of the 
induced transformation t„ : — > Div y'^^^. For A € C'^{R) the uniqueness 
of the homomorphism h\ : lA — > A* lA fulfilling ux = h\o u implies that the 
rational maps u\ : X --^y \^,IA are non-isomorphic to each other for distinct 
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A G C'^{R). Hence divR {ux,u) 7^ div/j {ux,x) for 7^ A G C'^{R). Therefore 
£^ — > T is injective, hence an isomorphism. 

Let </? : X --^ G be an object of Mr and 0— ^•L— >G— ^•A— >0 
be the canonical decomposition of G. Translating by a constant g € 
G{k), if necessary, we may assume that ip : X --■>■ G factors through a 
unique homomorphism h : U — > G. The restriction oi h to C gives a 
homomorphism of affine groups / : C — > L. Then the dual homomorphism 

: — > T yields a factorization of — > through T . Thus Mr 

is a subcategory of Mrj-. Now the properties (0 1,2) guarantee that Mr 
contains all rational maps which induce a transformation to T ^ hence Mr is 
equivalent to Mrjr. ■ 

Notation 2.13. If is a dual-algebraic formal group in Div y'^^'^, then the 
universal object for Mrjr is denoted by albjr : X --->■ Albjr(X). 

Remark 2.14. By construction, Albj:-(X) is generated by X. Since X is 
reduced, Albj-(X) is reduced as well, thus smooth. In the proof of Theorem 
I2.12l we have seen that Albjr(X) is an extension of the abelian variety Alb(X) 

by the affine group T'^ . More precisely, — > Albjr(X) is the dual 1- 



motive of 



T , T-)- O.rod 
J- > rlC-^ 



The rational map ( alb j- : X Albjr(X)) G 



V 



Mrjr is characterized by the fact that the transformation Taibjr : 
j^^o^red ^j^g identity T T . 

2.3.2 Functor iality 

Let T C Div y'^'^'^ be a dual-algebraic formal group. Let il) : Y — > X be a 
morphism of smooth proper varieties, such that no irreducible component 
of V'l^) is contained in Supp(J-'). For each dual-algebraic formal group 
Q C Div y'^"'^ containing '\\)*T the pull-back of relative Cartier divisors and of 
line bundles induces a homomorphism of 1-motives 



Pic^''^'' 



According to the construction of universal objects (Remark I2.14p . we 
obtain via dualization of 1-motives 

Proposition 2.15. Let T C Div y'^'^^ he a dual- algebraic formal group. Let 
ip : Y — > X be a morphism of smooth proper varieties, such that no ir- 
reducible component of ip{Y) is contained in Supp(J-"). Then tp induces a 
homomorphism of algebraic groups 

AlbJ(V') : Albg(y) Alb^(X) 



26 



for each formal group Q C T>\V y^ containing ip*!^. 
2.3.3 Descent of the Base Field 

Let k he a perfect field. Let k be an algebraic closure of k. Let X be a 
smooth proper variety defined over k, write X = X i^]^ k. Let T C Div2_ be 
a formal group, and suppose that J- is defined over k: 

Definition 2.16. A formal group T C Div^ is defined over k, if for each 
finitely generated A;-algebra R the following condition is satisfied: 
If P G Biv^(R) then for each a G Gal(k/k) it holds V G Div^(fi), where 
D'^ is the conjugate of V by means of a. 

The wish is to show that the universal object albjr : X --^ Alhjr{X) for 
the category Mrjr can be defined over k. The main tool for this purpose 
will be the method of Galois descent, as described in [Ser3[ V, § 4]. A 
short sketch of this procedure is the following: Let ki be a (finite) Galois 
extension of k. Let Vi be a fci-variety living in a category C of /ci-varieties 
(e.g. algebraic A;i-groups or fci-torsors). Suppose we are given C-isomorphisms 
ha : Vi — > Vi between Vi and its conjugate for each a G Gal(/ci/A;). If 
Vi is a homogeneous space for an algebraic fci-group or satisfies certain other 
criteria (see |Ser3| V, No. 20]) and the h^ satisfy the identity 

har = {haY ° K 

then there exists a /c-variety V and a ^-isomorphism / : F (8)fc — > Vi. 
Here V inherits the structure of Vi preserved under the h^- In this case it 
holds ha = f of-^. 

When one does not assume that X is endowed with a A;-rational point, 
one is led to two different descents of Albjr(X): 

(1) The universal mapping property of aSbjr : X Albj-(X) gives 
transformations h^}^ which are "affine homomorphisms", i.e. compositions of 
a homomorphism by a translation. Therefore the descent of Albj-(X) by 
means of the /i^^ yields a fc-torsor Albj^''(X). 

(2) In order to avoid translations or the reference to base points, one 
may reformulate the universal mapping property, replacing rational maps 
(p : X --"y G from X to algebraic groups by its associated "difference maps" 
(p'^^'> : X X X --■>■ G, {p,q) i — > fiQ) ~ ^{p)- In this way translations are 
eliminated and one obtains transformations h^^ which are homomorphisms 
of algebraic groups. Then the descent of Albjr(X) by means of the h'^^ yields 
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an algebraic A;-group Alh-p (X). This is the A;-group acting on the /j-torsor 

Notation 2.17. li : X P is a rational map to a torsor (= principal 
homogeneous space) P for a group G, then 

if'^-^ :XxX--^G 

denotes the rational map to the group G which assigns to {p,q) (z X x X 
the unique g & G such that g ■ (p{p) = fiq)- 

Notation 2.18. U : X P is a rational map to a torsor, then set 

Remark 2.19. If a A;-torsor P for an algebraic /;;-group G admits a A;-rational 
point, then P may be identified with G. Then for a rational map ip : X ---> P 
it makes sense to consider the base changed map (p^^k : X ®f;k --^ P0kk 
as a rational map from X^^k = X to an algebraic A;- group P^^k = G(E)kk- 

Theorem 2.20. There exists a k -torsor AVo^^\x) for an algebraic k-group 
Albj^^ {X) and rational maps defined over k 

albJ^X^-^ AlbJ^(X) 

for i = 1,0, satisfying the following universal property: 

If(p:X --4 is a rational map defined over k to a k-torsor G^^^ for 
an algebraic k-group G^'^\ such that 99 ®k k is an object ofMxjr (X), then 
there exist a unique affine homomorphism of k-torsors h^^^ and a unique 
homomorphism of algebraic k -groups /iW, /i(^) : AlbJ^(X) GW, defined 
over k, such that = h^^^ o alb^-* for i = 1,0. 

Proof. The same arguments as given in |Ser3| V, No. 22] work in our 
situation. ■ 

3 Albanese with Modulus 

Let X be a smooth proper variety over k, an algebraically closed field of ar- 
bitrary characteristic. Let D be an effective divisor on X (with multiplicity). 
The Albanese Alb(X, D) of X of modulus P* is a higher dimensional analogon 
to the generalized Jacobian with modulus of Rosenlicht-Serre. Alb(X, D) is 
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defined by the universal mapping property for morpliisms from X \ D to 
algebraic groups of modulus < D (Definition I3.1ip . Our definition of the 
modulus of rational maps into algebraic groups coincides with the classical 
definition from [Ser3t III, § 1] in the curve case. Therefore the Albanese 
with modulus agrees with the Jacobian with modulus of Rosenlicht-Serre for 
curves, which we review in Subsection 13.31 

In Subsection 13.41 we consider a Chow group CHq^X, D)^ of 0-cycles 
relative to the modulus D (Definition I3.28p . We give an alternative char- 
acterization of Alh{X,D) as a universal quotient of C}io{X,D)^ (Theorem 

EM- 

In Subsection 13.51 we give an application to class field theory of function 
fields of varieties over finite fields. We can rephrase Lang's class field theory 
by replacing maximal maps by Albanese varieties with modulus. 



3.1 Witt-related Topics 

Here we recall and state some purely technical notions that are needed for 
the construction of the Albanese with modulus. No. 13.1.11 is folklore, while 
No. 13. 1.2] is a global version of some basic notions from |lKR2j. It is possible 
for the reader to skip this subsection and trace back the definitions when 
needed. 



3.1.1 Artin-Hasse Exponential 

Suppose char(/c) = p > 0. Let E be the series 

Ew = exp(-5:^) = n i^-tr'-'^' 

\ r>0 ^ J r>l 
(r,p)=l 

where /x denotes the Mobius function, i.e. 

if r is divisible by the square of a prime, 
= r = pi ■ ■ ■ pn and pi, . . . ,pn are distinct primes, 

1 ifr=l. 

Let w = {w(),wi, . . . ,Wr, ■ ■ ■) be a Witt vector (of finite or infinite length). 
The product series 

Exp(u') = JjE(u'r) 

r>0 
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satisfies for Witt vectors w, v 

Exp (w + v) = Exp {w) • Exp (v) . 

Exp is called Artin-Hasse exponential. 

For details see for example |Dem| III, No.s 1 and 2]. 

3.1.2 Filtrations of the Witt Group 

Let {K,v) be a discrete valuation field of characteristic p > with residue 
field k. We define filtrations filnW^(A") and filJJW,. (i^ ) , n G N, on the group 
Wr{K) of Witt vectors of length r. 

Definition 3.1. Let iilriWr{K) be the following subgroup oiWr{K): 
fil„W,(i^) - (/,_!,..., /o) 



• {K) generated 



cf. fB?7, No. 1, Prop. 1]. Let fil^Wr(i^) be the subgroup of' 
by fil„Wr(i^) by means of the Frobenius F, cf. [KR2l 2.2], 

fil^W^(K) = ^F^fiUW^(ir). 

z/>0 



Let X be a variety over k, regular in codimension 1. Let D = ^^^5 nqDq 
be an effective divisor on X, where S" is a finite set of points of codimension 
1 in X, where Dq are the prime divisors associated to q S and Uq are 
integers > 1 for q ^ S. 

Definition 3.2. Let filDWr(/Cx) (resp. filfJ,Wr(/Cx)) be the sheaf of sub- 
groups of WrilCx) formed by the groups 



(fiWr(/Cx))(f/) = \we W,(/Cx. 
resp. 



W G fil„,W,(/Cx,q) 
W G Wr{Ox,p) 



W G mlWr{ICx,g) 
W G Wr{Ox,p) 



yqesnu 
ypeu\s 



yqesnu 
ypeu\s 



for open U €z X, where fil„Wr(/Cx,g) (resp. fil^W,.(/Cx,(j)) denotes the filtra- 
tion associated to the valuation Vg attached to the point q S. 
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Proposition 3.3. Suppose X is a projective variety over k and D an effec- 
tive divisor on X. Then r(X, fil/)Wr(/Cx)) is a finite Wr{k) -module. 

Proof. The Verschiebung V : Wr_i — > yields an exact sequence 
fiW,_i(/Cx) filz)W,(/Cx) mLB/p.-ijWi(/Cx) 
where \_D/p'^^^\ = '}2,qes\-^i/P''^^ \^Q- This induces the exact sequence 

o^r(fiiBW,_i(/Cx)) ^r(fiiBW,(/Cx)) -^T{fi\o/pr-ifmi{iCx)). 

By induction over r > 1 and since Wi{k) = k is noetherian, it is sufficient 
to show the statement for r = 1. Now fil/)Wi(/Cx) = Ox{D) is a coherent 
sheaf, hence r(X, fil/)Wi(/Cx)) is a finite module over Wi{k) = k. ■ 

Definition 3.4. Let i? be a commutative ring over Fp. We let i?[F] be the 
non-commutative polynomial ring defined by 



i?[F]= 



ri 

i=l 



n G N 



F r = F Vr G 



Definition 3.5. If f^ACx ~ ^Kx/k is the module of differentials of fCx over 
/c, we let 6 be the homomorphism 



r-l 



S : WrilCx) ^Kx. (/r-l, . . . , /o) ^ ^ /f ~'d/,. 

Definition 3.6. If £^ is a reduced effective divisor on X with normal cross- 
ings, we let $7x(log E) be the sheaf of differentials on X with log-poles along 
i.e. the Ox-module generated locally by d/, / G Ox and dlogt = t~^dt, 
where t is a local equation for E. 

Proposition 3.7. Suppose Dred is a normal crossing divisor. The homo- 
morphism 8 from Definition \3.5\ induces injective homomorphisms 

dD : fil^W,(/Cx)/ffifz)/pjW,(/Cx) 

dD : fil^W,(/Cx)/ffiD-fl,,,W,(/Cx) 
where resp. S/j are i/ie Ox -'modules 

= fc[F]®,, (I7x(l0gi?red)^0x OxP)/Ox(L^/pJ)), 

and [-D/pJ means the largest divisor E such that pE < D. 
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Proof. This is the global formulation of |KR21 4.6]. 



Definition 3.8. Let Dd be the image in of the Ox-module 
k[F] (g)fc (Ox ^Ox Ox{D)/Ox{D - D,^^)) (without log-poles). Then 

^Sz3 = A:[F] ®k ®Oo,^, Ox{D)/Ox{D - D,,^)) 

since t~^'^dt = t^~"9dlogt vanishes in for any local equation t of -Drod- 
Then we let ''fil^W,.(/Cx) C fil^W,(/Cx) be the inverse image of ^S^, under 
the map X)d from Proposition 13.71 According to [KR2', 4.7], this is a global 
version of the following alternative 

Definition 3.9. Let ''fil„Wr(i^') be the subgroup of fil„Wr(-fir) consisting of 
all elements . . . , /q) satisfying the following condition: If the p-adic 

order of n is < r, then p'^ v{fu) > —n. Then ''fil^Wr(A') is the subgroup 
of Wr{K) generated by ''fil„Wr(i^') by means of the Frobenius F, 

^fil^W^(i^) = ^F'^ ^fil„W^(K). 

Lemma 3.10. Let %[) : Y — > X he a morphism of varieties over k, such 
that "tpiY) intersects Supp(L') properly. Let D ■ Y denote the pull-back of D 
to Y . Suppose that .Dred C'^'d {D ■ ^)red normal crossing divisors. There 
is a commutative diagram of homomorphisms with injective rows 

m^W,(/Cx)/filfi3/pj W,(/Cx) 2)x,D 

fil^.yW,(/Cy)/filf^.^/pj W,(/Cy) ^Y,D-Y 

where the vertical arrows are the obvious pull-back maps from X to Y . 
Proof. Straightforward. ■ 

3.2 Albanese with Modulus 
3.2.1 Existence and Construction 

Let X be a smooth proper variety over k, which is an algebraically closed 
field of arbitrary characteristic, unless stated otherwise. 
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Definition 3.11. Let ip : X G he a rational map from X to a smooth 
connected algebraic group G. Let L be the affine part of G and U the 
unipotent part of L. We define an effective divisor, called the modulus of (p 

mod (99) = inodq{ip) Dq 

ht(g)=l 

where q ranges over all points of codimension 1 in X, and Dg is the prime 
divisor associated to q. For each q X oi codimension 1, the canonical map 
L {}Cx,q) /L {Ox,q) — y G {ICx,q) /G {Ox,q) is bijective, cf. l2Xn Take an 
element Iq (z L {JCx,q) whose image in G {ICx,q) /G {Ox,q) coincides with the 
class of 99 G G{JCx,q)- If char(/c) = 0, let {uq^i)i<i<s be the image of Iq in 
Ga(/Cx,g)'* under L^U ^ {G^f . If char(/c) = p > 0, let {uq^i)i<i<s be the 
image of Iq in WritCx^Y under L^U C (W^)". 



modq{(p) 



ifipGG{Ox,q) 

1 + max {ng{ug^i) | 1 < i < s} if ip ^ G {Ox,q) 

where for u G Ga.{ICx,q) resp. Wr(/Cx,q) 

, , J —Vq{u) if chaic^k) = 

= I niin {n G N I n G fil^W^(/Cx,g)} if char(A;) =p>0. 

Note that mody{(p) is independent of the choice of the isomorphism U = 
{G^y resp. of the embedding U C (Wr)^ see p<R2l Thm. 3.3]. 

Definition 3.12. Let D be an effective divisor on X. Then Mr'''"'^ denotes 
the category of those rational maps if from X to algebraic groups such that 
mod {(f) < D. The universal object of Mr"^'^ (if it exists) is denoted by 
Alh{X,D) and called the Albanese of X of modulus D. 

Definition 3.13. Let D be an effective divisor on X, let -Dred be the reduced 
part of D. Then J^x,D denotes the formal subgroup of Div y characterized 
by 

{J'x,d),, = {BG Div^(fc) I Supp(i?) C Supp(Z))} 
and for char (A;) = 

(-^X,D)i,f = exp (Ca ®fc T{Ox {D - L»,ed) /Ox] 
for char(A;) = p > 

(-Fx,D)i„f = Exp ( J^.w^w.w r(m^_^^^^w,(/Cx)/w,(Ox)^ 

\r>0 ^ 

Let J^^'^f = J'x,D ^Div_^ Div ^'^'^'^ be the intersection of J-x,D and Div ^'^^'^. 
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Proposition 3.14. The formal groups J-x,D and J^'j^ are dual- algebraic. 

Proof. The statement is obvious for chaT{k) = 0, therefore we suppose 
char(fe) = p > 0. The proof is done in two steps. Let be the formal 

subgroup of Div Y defined in the same way as J-x,D, but using the filtration 
filD_i:)j.^jWr(/Cx) instead of fil^_jy^^^Wr{}Cx)- In the first step, we show that 
for any effective divisor D the formal group J-"^ ^ is dual-algebraic. In the 
second step, we show that for any D there exists D' > D such that J-x,D is 
contained in the image of J-j^ ^, in J'x,D'- Thus J-x,d is a formal subgroup of 
a quotient of a dual-algebraic formal group, hence dual-algebraic by Lemma 
13.151 Then also the formal subgroup J~jf[y of J-x,D is dual-algebraic. 

Step 1: Let D be an effective divisor on X. Write D = ^ht(g)=i ''^q^gi 
where q ranges over all points of codimension 1 in X, and Dq is the prime 
divisor associated to q. Let S be the finite set of those q with rig > 0. 
Let m = min {r | p*" > — 1 € S}. Hence for r > m, if (/r-i, • • • , /o) ^ 
^^D-D^ad^r{)^x), then fi G Ox for r > i > m, according to Definition 13.21 
Then the Verschiebung V*""*" : Wm(A^x) — > Wr(/Cx) yields a surjective ho- 
momorphism filD-D,„,W^(/Cx)/W„(Ox) — filD-D,,dWr(/Cx)/W,(Ox). 
Thus (^J~x already generated by a finite sum via Exp: 




(fc) T[&lD-D,^MICx)/Wr{Ox) 

Each r{X, fil£,_D,,dWr(/Cx) /^r{Ox)) is a finitely generated Wr(/c)-module, 
by the same proof as for Proposition 13.31 Hence (^J'x , is a quotient of 
the direct sum of finitely many ^W. 

Moreover, (^J'x ~ (■^^.^)et abelian group of finite type, since D 
has only finitely many components. Thus d is dual-algebraic, according 
to Proposition 11.211 

Step 2: We show that for any effective divisor D there exists an effec- 
tive divisor D' > D such that J-x,D is generated by J'x d'- ^^^^ ^^"^ 
effective divisor D' > D such that r(fil^_£,^^^Wr(/Cx)/Wr(C'x)) is gener- 
ated by ^^>g F*^ r(fil£)/_£)/ Wr(/Cx)/Wr(Ox)) ■ Since the homomorphism 

V^-'" : ml~_D,^^W^{lCx)Mm{Ox) fi\l_D,^^Wr{lCx)Mr{Ox) is sur- 
jective for r > m, we only need to consider r = m. This is sufficient because 

Exp {V Z^ OJ^) = Exp V^CJi). 

The exact sequence 

O^WriOx) ^W^(/Cx) -^Wr{}Cx) /Wr{Ox) ^0 
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yields the exact sequence 

r(W,(/Cx)) -^T{Wr{ICx)/Wr{Ox)) ^R^{Wr{Ox)) ^0. 

Here Hi(Wr(/Cx)) = since W,.(/Cx) is a fiasque sheaf. Since R\Wr{Ox)) 
is a finite W,.(/i;)-module, there is an effective divisor E such that the map 
T{mEWr{}Cx)/^r{Ox)) — > R^{Wr{Ox)) is surjective. Hence for any 
a € r(fil^_^^^^W,(/Cx)/W,(Ox)) there is p e r(fili=;W,(/Cx)/W,(0x)) 
such that a — p lies in the image of r(Wr(/Cx)), hence in the image of 
T (&lE'Wr{JCx)) , where E' = may:{E,D — -Drcd}- Therefore we are reduced 
to showing that for any D there exists D' > D such that r(fil^Wr(/Cx)) is 
generated by E.>o r(fib/W,(/Cx)) ■ 
Consider the exact sequence 

^ 0filL^/pjW,(/Cx) ^ 0filDW,(/Cx) fil^W,(/Cx) 

where the third arrow is (wu)^ i — > ^^F'^Wi,, and the second arrow is 
{wu)j^ I — > Wy —Wy-i)y, whcrc wc Set W-i = 0. Here \_D/p\ means the 
largest divisor E such that pE < D. This yields an exact sequence 

0r(fiW,(/Cx)) -^T{mlWr{ICx)) ^0Hi(filL,)/pjW,(/Cx)). 

Wr {ICx ) is the inductive limit of fil {^x ) , where E ranges over all effec- 
tive divisors on X, hence 

= H^(W^(/Cx)) = HM lir^fil£;W^(/Cx)) = lir^H^(fil£W^(/Cx)). 

As H"'^(fil|^£)/pjWr(/Cx)) is a finite Wr(A;)-module, there is an effective divisor 
D' >D such that the image of H^ (filL£,/pj Wr.(/Cx)) in H^ (filL£,//pjW,.(/Cx)) 
is 0. Thus the image of r(fil^Wr(/Cx)) in r(fil^/Wr(/Cj!s:)) is contained in 
E,>oF^r(filB,W,(/Cx)). ■ 

Lemma 3.15. Let T he a dual- algebraic formal group. Then any formal 
group Q that is a subgroup or a quotient of F is also dual- algebraic. 

Proof. By Cartier-duality, this is equivalent to Lemma [3. 161 below. ■ 

Lemma 3.16. Let L he an affine algebraic group. Then any affine closed 
subgroup K of L and any affine quotient N of L is also algebraic. 



35 



Proof. [DiSn II, No. 6, Cor. 4 of Thm. 2]. ■ 

Lemma 3.17. Let ip : X --^ G he a rational map from X to a smooth 
connected algebraic group G. Then the following conditions are equivalent: 
(i) mod {if) < D, 
(a) im(r^) C Tx,D- 

Proof. Write D = X]ht(g)=i ^9 -^9' where q ranges over all points in X 
of codimension 1, and Dq is the prime divisor associated to q. Condition 
(i) is thus expressed by the condition that for all g € X of codimension 1 it 
holds 

{i)g modq{ip) < Uq. 
Using the canonical splitting of a formal group into an etale and an infinites- 
imal part, condition [ii) is equivalent to the condition that the following 
{ii)^t and (M)inf are satisfied: 

(M)inf im(r<^,inf) C (J'x,D)inf 

Let L be the afHne part of G. Remember from l2.2TT] that the transformation 
T^p : — 5- Div Y is given by where is the image of if £ G (ICx) 



in r{G{ICx)/G{Ox)) ^ T{L{1Cx)/L{Ox)), and the pairing 

(?, ?) : X T{L{lCx)/L{Ox)) r(G^(/Cx ^ _)/G„,(Ox ® _)) 



is obtained from Cartier duality. Write L = T U as a product of a 
torus T and a unipotent group U . Fix an isomorphism T = (Gm)™ and an 
isomorphism U = (Ga)" resp. an embedding U C (W,.)". 
Let {tj) 

i<j<m be the image of £ip under 



T{L{JCx)/L{Ox)) -^T{T{lCx)/T{Ox)) ^ r(G^(/Cx)/G^(Ox)) 



and (u,)i<j<a be the image of under 



{l{k:x)/l{Ox)) T{u{iCx)/u{Ox)) I l^^^l 




a 



T 



)) 



The etale part of is 



m 




m 



i^j ) l<j<r?i 
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The image of the infinitesimal part of Tm is given by the image of 



l<i<a 



ro=iexp(t;i Ui) 
niLiExp(t;i - Ui). 



For each g G X of codimension 1 let {tq,i)Kj<m ^ representative in 
Gm(^x,ij)'" of the image of {tj)i<j<rn under 

and let ('U(j,i)i<j<a be a representative in Ga(/Cx,g)" resp. Wr(/Cx,g)" of the 
image of (uj)i<j<a under 

r(Ga(/Cx)/Ga(Ox))" ^ Ga(/Cx,9)7Ga(Ox,g)'^ 

resp. 

r(w.(/Cx)/w.(Ox))" ^ w,(/Cx,,)7Wr(Ox,,)". 

Then (ii),5t is equivalent to the condition that 

{ii)et,q If riq = 0, then tgj G Gm(C'x,g) for 1 < j < m. 

is satisfied for every point q X of codimension 1, 

whereas (ii)inf is equivalent to the condition that 

(«i)mf,g If nq = 0, then Ug^i G Ga(C'x,g) resp. Wr(C'x,g) for 1 < i < a. 
If Uq > 0, then nq{Uq^i) < Uq — 1. 

is satisfied for every point q X of codimension 1, according to Definition 

iroi of J='x,D- Note that ip G G{Ox,q) if and only if tqj G Gm(Ox,g) for 

1 < j < m and Ug^j G Ga(Ox,(?) resp. Wr{Ox,q) for 1 < i < a. By Definition 

I3.11| for each g G X of codimension 1 
{i)q modg(v9) < Uq 

if and only if {n)et,q and {ii)mf,q are satisfied. ■ 

Theorem 3.18. The category Mr"'^''^ of rational maps of modulus < D is 
equivalent to the category Mrjr^ ^ of rational maps which induce a transfor- 
mation to Tx,D- 

Proof. According to the definitions of Mr"'^''^ and Mr j-^ ^ , the state- 
ment is due to Lemma 13.171 ■ 

Theorem 3.19. The Albanese Alh{X,D) of X of modulus D exists and is 
dual (in the sense of l-motives) to the 1-motive [J~x^£) — > Pic^"^*^ ]. 
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Proof. By Theorem I3.18| Alh{X,D) is the universal object of the cat- 
egory Mr jr^ ^ (if it exists). A rational map from X to an algebraic group 
induces a transformation to J^x,D if and only if it induces a transformation 
to J'x^'q, by Lemma 12.61 Since J'x^'q is dual- algebraic (Proposition 13.1^ . 
the category Mrjr^. ^ admits a universal object (Theorem I2.12p . and this 
universal object is dual to [-^^f — > Pic^'^'^'^] (Remark 12. 14p . ■ 

Corollary 3.20. For every rational map if from X to a smooth connected 
algebraic group G there exists an effective divisor D, namely D = mod (93), 
such that if factors through Alb(X, D). 

Proposition 3.21. Let T he a formal subgroup of Dw ^y^'^. Then T is dual- 
algebraic if and only if there exists an effective divisor D such that T C J-x.D- 

Proof. {'^^=) A formal subgroup of a dual-algebraic group is also dual- 
algebraic, according to Lemma 13.151 

{=^) Let D = mod (albjr) be the modulus of the universal rational map 
albjF : X — > Albjr(X) associated to J-" C Div ^'^'^'^. Then by Lemma 13.171 it 
holds J" = im (r^ib^) C Fx,D- ■ 

3.2.2 Functoriality 

We specialize the results from No. l2.3.2l to the case of Albanese varieties with 
modulus. 

Proposition 3.22. Let ijj : Y — > X be a morphism of smooth proper vari- 
eties. Let D be an effective divisor on X intersecting ipiY) properly. Then 
ip induces a homomorphism of algebraic groups 

MhylEi'^) ■■ Alb(y,^) K\h{X,D) 

for each effective divisor E onY satisfying E > {D — Drcd) -Y -\-{D ■ ^)j.ed- 

Proof. According to Proposition l2. 15) for the existence of Alby'^ (^) it is 
sufficient to show J-y,e ^ -^x,D"^- Definition 13 . 1 3 l of J-x,D implies that this is 
the case if and only if Supp(i?) D Supp(L'-y) and E — E^^A ^ {D — -Dred)'^- 
But this is equivalent to E > {D - D^cd) - Y + [D ■ Y)^^^. ■ 

Corollary 3.23. If D and E are effective divisors on X with E > D, then 
there is a canonical surjective homomorphism 

Alh{X,E) Alb{X,D) 

given by Alb^'^(idx)- 

Proof. IfE >D, then it is evident that Alh{X, E) generates A\h{X, D), 
thus Alb^'^(idx) is surjective. ■ 
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3.2.3 Descent of the Base Field 



Let k he a perfect field. Let k be an algebraic closure of k. Let X be a 
smooth proper variety defined over k, and let D be an effective divisor on X 
rational over k. 

Theorem 3.24. There exists a k-torsor A]b^^\X,D) for an algebraic k- 
group Alb(°) {X, D) and rational maps defined over k 

albj^^ : X^-' Alb«(X,Z)) 

for i = 1,0, satisfying the following universal property: 

is a rational map defined over k to a k-torsor G^^^^ for 
an algebraic k-group G^^\ such that mod [ip ®k k) < DCS)kk, then there exist 
a unique affine homomorphism of k-torsors h^^^ and a unique homomorphism 
of algebraic k -groups /iW, /i« : Alh^'\X,D) — > G«, defined over k, such 
that = /i(^) o alh^xlo fori = 1,0. 

Proof. Follows directly from Theorem 12.201 ■ 



3.3 Jacobian with Modulus 

Let C be a smooth proper curve over k. Let D = Ylqes ^9 1 effective 
divisor on C, where 5 is a finite set of closed points on C and Uq are integers 
> 1 for g G 5. The Jacobian J {C, D) of C of modulus D is by definition 
the universal object for the category of those morphisms (p from C \ 5 to 
algebraic groups such that div(/)) = for all / G ICc with / = 1 mod D. 
Here we used the definition ^{^^IjCj) = "^Ijy^icj) for a divisor "^IjCj on 
C with Cj G C \ S, and "/ = 1 mod D" means Vq{l — f) > Ug for all q € S, 
where Vg is the valuation attached to the point q ^ C. 

Theorem 3.25. The generalized Jacobian J {C,D) of C of modulus D is an 
extension 

^ L{C,D) ^ J {C, D) ^J{C) ^0 

of the classical Jacobian J (C) = Pic^ of C , which is an abelian variety, by 
the affine algebraic group 

^'-^ X I I u,,_ / 

C,q 



where Gra,q denotes a group isomorphic to the multiplicative group and at- 
tached to the point q, where U/j is the unipotent group associated to a finite 
k-algebra R from \l.l7d[ and {Oc,q,xnc,q) is the local ring at q € S. 
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Proof. [Si?3l V, § 3]. ■ 

We give an illustration of Theorem 13. 25| cf. |Ser3| I, No. 1]. The classical 
Jacobian J (C) is the group of divisor classes on C of degree 0. The Jacobian 
J (C, D) of modulus D is identified to the group of classes of divisors prime to 
S modulo principal divisors div(/) with / = 1 mod D. Then the affine part 
L (C, D) of J (C, D), as the kernel of the canonical surjection J (C, D) — » 
J{C), is characterized by 



L{C,D)ik) 



{div(/) I / G O^^^ yqes] 

{div(/) I v, (1 - /) > rig yq G S} 
{/G/CcI/gO^,, yqGs] 
k*x{felCc\ vg (!-/)> n, yq G S} 

^*xn,e5(i+m?) 



where k[q) denotes the residue field and the maximal ideal at g G C. 



Theorem 3.26. The Jacobian with modulus J{C,D) is dual (in the sense 
of 1-motives) to the 1-motive J'q^) — > Pic^ , where £, = J'c^j^ ^■^ 
formal subgroup of Div ^ from Definition \S.1!A and ^ — > Pic^ is the 
homomorphism induced by the class map 

Divc — > Pic^- 



Proof. We have to ensure that the category for which J (C, D) is uni- 
versal is characterized by the formal group J-c,D- The Jacobian J (C,D) of 
modulus D is by definition the universal object for morphisms if from C\S 
to algebraic groups satisfying 

(i) ip{dw{f)) =0 yf eKc with / = 1 mod D. 
Condition (i) is equivalent to 

(ii) {if, /)g = \/qe S,yf €JCc with / = 1 mod D at q 
where (93, T), : ICq x C — > G{k) is the local symbol associated to the 
morphism if : C\S — > G, accor ding to f Ser3l I, No. 1, Thm. 1 and III, § 1]. 
It is shown in |KR2| No. 6.1-3] that condition (ii) is equivalent to 

(iii) mod ((/?) < D. 

Then the assertion is due to Theorems 13.181 and 13.191 ■ 
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3.4 Relative Chow Group with Modulus 

Let X be a smooth proper variety over an algebraically closed field k, let D 
be an effective divisor on X and Z?red the reduced part of D. 

Notation 3.27. If C is a curve in X, then u : C — > C denotes the nor- 
malization. For / € ICc, we write / := i'* f for the image of / in /Cg. If 
(p : X G is a rational map, we write (p\jj := ip\c o v for the composition 
of if and I/. If is a Cartier divisor on X intersecting C properly, then B ■ C 
denotes the pull-back of B to C. 

Definition 3.28. Let Zq {X \ D) be the group of 0-cycles on X \ D, set 

C a curve in X intersecting Supp(L') properly, 
/ G /C^ s.t. 7=1 mod - Z^red) ■C+{D- C)^^^ 

and let Rq {X, D) be the subgroup of Zq {X \ D) generated by the elements 
div(/)c7 with (C,/) G no{X,D). Then define 

CUo{X,D) = Zo{X\D)/Ro{X,D). 

Let CHo(X, L>)0 be the subgroup of CHo(X, D) of cycles ( with deg Ck = 
for all irreducible components W oi X \D. 

Definition 3.29. Let Mr'^'^'^^"''-'^)" be the category of rational maps from 
X to algebraic groups defined as follows: the objects of Mr^^"*-^'^-* are 
morphisms ip : X \ D — > G whose associated map on 0-cycles of degree 

Zo{X\Df G{k) 

factors through a homomorphism of groups CHo(X,Z))0 G{k). I 

We refer to the objects of Mr'^""^^'-^)" as rational maps from X to algebraic 

groups factoring through CHo(X, D)*^. 

Theorem 3.30. The category Mr"'*"'^ of rational maps of modulus < D is 
equivalent to the category Mr^^"*-"^'^-* of rational maps factoring through 
C]1q{X,D)^. In particular, the Albanese Alh{X,D) of X of modulus D is 
the universal quotient of C}io{X, D)^ . 

category of rational maps to algebraic groups is defined already by its objects. 



no{x,D) = 
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Proof. According to the definitions of Mr^'^ and Mr^^o^^'-^^" the task 
is to show that for a morphism ip : X \ D — > G from X \ D to a smooth 
connected algebraic group G the following conditions are equivalent: 

(i) mod{ip)<D, 

(ii) <p(div(/)c) = ^ V (C,/) e7^o(X,Z)). 

Since ip {div(f )c) = (/?|g(div {f)(=j) (see |Ru| Lemma 3.32]), condition (ii) is 
equivalent to the condition 

(ii') mod <{D- Aed) -C+iD- CX^^ 

for all curves C in X intersecting Supp(L') properly, 
as was seen in the proof of Theorem 13. 26| substituting D hy {D — Dred) ' C + 
■ C')^^j. The equivalence of (i) and (ii') is the content of Lemma [3.311 ■ 

Lemma 3.31. Let if : X --^ G be a rational map from X to a smooth 
connected algebraic group G. Then the following conditions are equivalent: 

(i) mod {if) < D, 

(it) mod (99|g) <iD- Aed) -C+iD- C)^^^ 

for all curves C in X intersecting Supp(L') properly. 

Proof, (i)^^(ii) Let C be a curve in X intersecting D properly. As (p is 
regular away from D, the restriction (pig oiiptoC is regular away from D-C. 

Hence Supp (mod {cpl^) ) C Supp {D-C) = Supp {{D-D,cd)-C+{D-C) ^^^) . 
According to Definition 13. 1 1 1 of the modulus, it is easy to see that mod {(p) < 
D = {D- Aed) + Aed imphes mod {ip\g) < {D - Aed) ■ C + {D ■ C)^^^. 

(ii) ^=>(i) Let E := mod (ip) and q E Supp(£') be a point of codimension 1 
in X. We are going to construct a family of smooth curves {Cgjg intersecting 
S in a fixed point x (z Eg = {q} such that 

lim , "^°d.(,.|cj ^ 1 

e^oc fi^{{E- Aed) ■Ce)+l 

where fi^ [E ■ C) denotes the intersection multiplicity of E and C at x. 

After the construction we will show that the existence of such a family 
of curves for each q G Supp(£') of codimension 1 in X yields the implication 
(ii)^(i). 

If char(/c) = 0, it is easy to see that a general curve C in X intersecting 
Eq in a point x satisfies modx (vIc) = l^x {(.^ ~ ^red) • C) + 1. Therefore 
we suppose that char{k) = p > 0. Using the notation of Definition 13.111 
let (^g,j)i<j<a ^ Wr(/Cjs:,(j)" be a representative of the unipotent part of 
the class of> G G(/Cx,g)' in G{ICx,q)/G{Ox,q) = L{ICx,q)/L{Ox,q)- Then 
modq{ip) = l+nq{uq^i) for some 1 < i < a. Set n := nq{uq^i). Let t G m.x,q be 
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a uniformizer at q. Let Ylu F'^ ®i^i/®t " S A;[F] (g)^ Q,x,q{^og q) ®Ox q 
a representative of X)nq{uq^i) € (Definition 13. 7p . Choose a regular closed 
point X & Eg such that t is a local equation for Eg at x and Wj, is regular and 
7^ at X for some v. We may assume that dimX = 2 via cutting down by 
hyperplanes through x transversal to Eg. Let s € xnx,x be a local parameter 
at X that gives a uniformizer of OEq,x- Define a curve Cg locally around x 
by the equation t = for e > 1. Note that — -Ered is locally defined by 
the equation = 0. Then 

l^x ( (-E^ - ^red) • Ce) = dimfc ^^f^^^^ = Tie. 

We can write ujy = g ds + hd log t with g,h ^x,q and the values at x are 
g{x) 7^ if 0„q(ng^j) G ''2)„<^, h{x) / if ^ng(i*q,i) G \ ^Tt^q and x in 
general position (what we assume), for some v. The restriction of t~'^uji, to 
Ce is 

t-^'uj^lc, = s-"^5ds + s-""/idlogs^ 

= s^-^^^dlogs + es-^'^/idlogs, 

and the class of t~"'UJiy\cg is non-zero in 

f J^Ce,x(log X) 0Oc,,^ ^dZ/'^h'^x if ^ng(^^g,*) G ^ng \ ^^ng and p f 6 
I QCe,x(logx) (g)Oc,,^ "^SV^^cir if fng(^^g,*) G ^^nq- 

Lemma [3. 101 assures that the modulus of ip\ce is computed from the restric- 
tion (of a representative) of dnq{ug^i) to Cg, for e large enough such that 
ne — 1 > [ne/p\ (this is satisfied for e > 2). Thus we have 



modj. {ip\c. 



ne if dnqiug^i) G \ ^Sng and J) I e 

ne - 1 if 0„<;(ng,i) € ^D„g, 

ne -\- 1 if c)ng (tig,i) € D„g \ ''Dng and p\e 

ne if 9n5(Ug,j) G ^Dng- 



Then 

>oo /i, ( (^ - ^,ed) • Ce) + 1 



hm .."^"^-(^.'^-^ . = 1. 



e— >c 



Now we show -i(i) ^(H)- Suppose E := mod (99) ^ D. Then there is 
a point g G Supp(£') of codimension 1 in X such that lJ.g{E) > fig{D), where 
^g is the multiplicity at q. By the construction above there is a sequence 
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of curves {Ce}g in X intersecting E \n & fixed point x Eg such that 

lim mod^(vp|cJ _ . If mw n then since r.,.^ t'^iiD-Drcd)-Ce)+l 

e^}i^f^AiE-E,,i)-C,) + l - " ^ ^' ^^^^ ^^"^^ ^!^PM.((E-i?rcd) C.)+l ^ 

1 there is e such that modx (v'Ice) > /"x ( ~ -Drcd) •C'e) +1- If fJ-qiD) = 0, 
then ^ mod{ip\cJ, > l^,{{D- Z),ed) ■ + {D ■ Ce),,^) = 0. Thus 
mod {iflcj t{D- Acd) -Ce + iD- Ce\,^. m 

3.5 Class Field Theory 

Let X be a geometrically irreducible smooth proper variety over k = ¥q, a 
finite field with q elements. Let k be an algebraic closure of k, we denote 
X = X k. We write Kx for the function field of X. The aim of this 
subsection is to determine the Galois group Gal(K3f /Kx) of the maximal 
abelian extension K3^ of Kx- 
There is an exact sequence 

1 ^Gal(Kf /K^) ^Gal(Kf /Kx) ^Gal(K^/Kx) ^1 
where Gal (K^/Kx) = Gal {Kxk/Kx) = Gal (k/k) = %. 

Definition 3.32. We write 0(Kx) = Gal(Kf /Kx) for the Galois group 
of the maximal abelian extension of Kx, and g*' (Kx) = Gal (K^ /K^^) for 
the geometric Galois group. We denote by g (Kx) the inverse image of Z in 
g (Kx) under g (Kx) — > Z. Then g (Kx) is the completion of g (Kx) for 
the topology defined by the subgroups of finite index. 

Proposition 3.33. For k = Fg, every k-torsor P for an algebraic k-group 
G admits a k -rational point p. Hence there is an identification G — > P 
given by g i — > g ■ p. 

Proof. [Sct31 VI, No. 4, Cor. 1 of Prop. 3]. ■ 

Definition 3.34. Let P be a ^-torsor for a A;-group G. Let 



MP) = {T.^^P^ 



k ez,pie P{k) 



be the free abelian group generated by the A;-rational points of P. This group 
admits a surjective homomorphism deg : Zk{P) — > Z. Let 

Zk{Pf = kerfdeg:^fc(P) ^Z 
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be the kernel of deg. Each element z S Zk{P)^ is a formal sum z = liPi 
with li = 0. As P is a A;-torsor for the k-group G, one can associate to 
such an element z the same sum, computed in the group G{k) (cf. Notation 
I2.17p . This yields a surjective homomorphism Zk{P)^ — > G{k). Let 

Mk{P) = ker(Zfc(P)0 ^G(^) 
be the kernel of this homomorphism. 

The homomorphism obtained from deg : Zk{P) — > Z by passage to the 
quotient Zk{P) / Mk{P) admits as kernel Zk{Pf / Mk{P) = G{k). Thus we 
have an exact sequence 



G{k) 



ZkjP) 
Mk{P) 



0. 



By the results of No. 12.3.31 for each effective divisor D on X rational over 



k there is a universal rational map alb 



(1) 
X,D 



: X 



Alh^^\x,D) defined over 

k from X to a A;-torsor Alb*^^-* {X, D) for an algebraic /c-group 

For E > D the universal properties of Alb^*^ (X, E) yield surjective homo- 

morphisms Alb(*)(X,^) » Alb^*) (X, D) for i = 1,0. Thus the inductive 

system {effective divisors D rational over k} gives rise to a projective system 
{ Alb(^)(X,L>)}^ for i = 1,0. The exact sequence from above is compatible 
with the associated maps for E > D, i.e. we obtain a commutative diagram 



Alb(0)(X, E){k) 



■Alb(°)(X,D)(A;) 



^fc(Aib(i)(x,i;)) 

A4(Alb(i)(X,£;)) 



Z,{AlhWix,D)) 



This allows the following 
Definition 3.35. 

Ak{Xf = ]^ Alh^^\x,D){k) 

Zfc(Alb«(X,D)) 



Ak{X) 



D 

lim 



n AAfc(Alb«(X,Z))) 
where D ranges over all effective divisors D on X rational over k. 
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Theorem 3.36. There exists a canonical isomorphism of exact sequences 



0° (Kx) (Kx) Z 

i I 
I 

Ak{X)^ Ak{X) Z 0. 

Proof. The proof is analogous to the proof of Lang's class field theory 
given in |Ser31 VI, § 4, No. 16-19], replacing maximal maps by the universal 
maps alb^J^ : X Alb(i)(X,i:)). ■ 

We review the proof of 0° (Kx) =Ak{Xf. 
Let Y X a finite abelian covering (in the birational sense) corresponding 
to a finite abelian extension Ky /K^ in K3^. 

Proposition 3.37. Every abelian covering is the pull-back of a separable 
isogeny. 

Proof. |Ser3| Chapter VI, No. 8, Corollary of Proposition 7]. ■ 

Thus there exists a rational map ip : X G from X to an algebraic group 
G and an isogeny of algebraic groups H ^ G such that Y = ip*H, i.e. the 
following diagram is a fibre-square 

Y 



For D > mod ((/?), the universal property of Alb(X,L') yields a homomor- 
phism h : Alh{X,D) — > G such that ip = h o alb^^-,. Hence Y --■> 
X is the pull-back of an isogeny over A\h{X,D). Enlarging D if neces- 
sary, we may assume that D is defined over k: Let ki/k be a finite exten- 
sion of k such that ki is a field of definition for D. Then D' = D'^ 
is defined over k, where D'^ are the conjugates of D by means of a G 
Gal{ki/k). As Gal(Kf /Kx) = Gal(Kf /K^) x Gal (k/k), the sub- 
group of finite index Gal (K^ / Ky) C Gal (K3^ / K^) yields the subgroup 
Gal(Kf /K^) X Gal (k/k) ^ Gal(Kf /Ky) C Gal(Kf /Kx) of finite 
index, which corresponds to a finite abelian extension Ky / Kx- This de- 
termines a finite abelian covering Y X over k, which is the pull-back 
of an isogeny over Alb(^)(X,D). According to Proposition E33] we may 
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identify Alh^'^'' {X , D) = Alh^^\x,D) and denote the universal map just by 
albx.D : X Alh{X,D). 



Proposition 3.38. Let i : H 



G be a separable isogeny defined over 



k = ¥q. Then the following conditions are equivalent: 

(i) The extension K// /Kg defined by i is galois. 
(a) The extension Kh /Kg defined by i is abelian. 
(Hi) ker(i) C G{k) = k-rational points of G. 
(iv) i is a quotient of F — id (Frobenius minus identity), 
i.e. there is a homomorphism h : G — > H such that 

F - id : G ^ G factors as G ^ H ^ G. 
Proof. |Ser3| Chapter VI, No. 6, Proposition 6]. ■ 

Then Y X is a quotient of alb^^ Alh{X, D) 
following fibre-square 



X, i.e. we have the 



&\h*x D Alb(X, D) 



Y 



A\h{X, D) 



X 



albi 



F-id 



A\h{X,D). 



The kernel of F - id : Alb(X, D) 
points of AVo{X,D). 



Alb(X, D) is given by the k-iat\onal 



0- 



Alb(X,i:>)(A;) 



Alb(X, D) Alb(A:, D) 



■0. 



The Galois group of the extension is isomorphic to the fibre of the covering: 
Gal(K,ib^^Aib(x,D)/Kx) = A\h{X, D){k). 

Hence the Galois group Gal(Ky /Kx) is a quotient of Alb(X, Z))(fc). 

Now Gal(K3^ / Kj^) is the projective limit of Galois groups Gal(Ky / K^) '■- 
Gal(Ky /Kx) as above. Thus Gal(K^ /-^x) given by the projective limit 
of A]b[X,D){k) ranging over all effective divisors D on X rational over k: 



Gal Kf /K 



X 



lim AVo{X, D){k). 

D 
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Glossary 






Categories 








sets 


11111 


A K 
AD 


abelian groups 


11111 
11. 1.11 




^-ajlgebras 


Mill 

11. 1.11 


Ari- / h 


rb-djigcUldjb Ui lllllLc icllgLll 


11111 
11. 1. 11 


Fctr(2l,*B) 


functors from 21 to *B 


ll.l.ll 


Ah/k 


A;-group functors (= Fctr(Alg/A;, Ab)) 


ll.l.ll 


Ah/k 


A;-group sheaves (for fppf-topology) 


|1.1.5| 


G/k 


A;-groups (= A;-group schemes) 


|1.1.3| 


Ga/k 


afHne A;-groups 


|1.1.3| 


aG/k 


algebraic A;-groups 


11.1.31 


aGa/k 


affine algebraic /;;-groups 


|1.1.3| 


Gf/k 


formal A;-groups 


11.1.41 


dGf/k 


dual-algebraic formal A;-groups 


11.2.11 



Functors 

F completion of F € Ah/k ll.l.ll 

T^t = Fo red etale part of F G Gf/k [TXl 

Fj^f = ker (F F^t) infinitesimal part of F e Gf/k 11.1.41 

L/j = Gm(? <8 R) linear group ass. to i? G Alg/fc 11.1.61 

Tji = Lij^^^ torus ass. to i? G Alg/k 11.1.61 

Ur = ker (hji — >■ Tjij unipotent group ass. to ii G Alg/k 11.1.61 

Pic Y Picard functor of X 12.11 

Pic jy = identity component of Pic y 12.11 

Div Y relative Cartier divisors on X 12.11 

Div °v = cr ^ Pic°v [Q 

!Fx,D C Div^c formal group of modulus D 13.2.11 



48 



Algebraic groups 

J (C) Jacobian of a curve C 13.31 

J (C, D) Jacobian of C of modulus D 13.31 
L (C, D) affine part of J (C, L>) 

Picx Picard scheme of X 12.11 

Pic^"*''^ Picard variety of X O 

(= reduced identity component of Pic y) 

Alb(X) Albanese variety of X [2XT] 

Alb(X, Z?) Albanese variety of X of modulus D [3XT] 

Albj-(X) = [-^ ^ Picx]"^ universal object for Mrj- [2XT] 

Alb^^(X) universal torsor for Mr J- [2X31 

Alb^^(A) universal group for Mrjr 12.3.31 



Chow Groups of 0-cycles 

CHo(X, D) relative Chow group of X of modulus D 13.41 
CHo(X, Df = ker ( deg : CHo(X, D) ^ Z) EH 

Rational Maps 

Mr a category of rational maps 12.21 

]y[^CHo(X,D)0 rational maps factoring through CHo(X, D)^ 13.41 

Mr^'^ ={^\ modiy?) < D} K2J\ 

Mrjr = {v9 1 imr,^ C J"} ES] 

: Div y'^^'^ induced transformation of if 12.21 

mod((/9) modulus of rational map ip 13.21 
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